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PREFACE 


This book is a companion volume to my books on Dynamics 
and Statics published in recent years. But while they were 
intended primarily for the Higher Divisions in Schools, this 
book is primarily intended for First Year Students in the 
Universities ; because Hydrostatics does not appear as yet to 
be studied much in Schools. The greater part of this book will, 
however, be found to be within the capacity of boys and girls 
who are up to scholarship standard, and it might well be 
read by such of them as desire to broaden the basis of their 
knowledge of Mechanics before coming to the University. 

The book might have been called ‘ Hlementary Hydrostatics’ 
to distinguish it from the more advanced book on the subject 
which forms Part I of A Treatise on Hydromechanics by the 
late Dr Besant and myself, for it constitutes a simpler course 
and doesnot cover the same ground; but the title ‘Elementary 
Hydrostatics’ is too reminiscent of the days when Hydro- 
statics and Heat were compulsory subjects for all candidates 
for the Ordinary Degree at Cambridge. 

Some acquaintance with the Calculus is assumed and the 
book covers those parts of the subject usually included in a 
First Year Honours course, namely, the pressure of heavy 
fluids, centres of pressure, floating bodies, simple applications 
of the metacentre and of the general pressure equations, 
pressure of gases, the atmosphere, hydrostatic machines and, 
because no’ book on the subject can be considered complete 
without it, a short chapter on Capillarity. 

The Examples have been chosen for the most part from 
papers set in the Mathematical Tripos and in College and 
Inter-collegiate Examinations, their sources being indicated 
by the letters M. T., C. and I. 
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My thanks are tendered to Dr S. Verblunsky for much 
valuable criticism and help in reading the proofs and veri- 
fying Examples and to the staff of the University Press for 
their careful printing and reading. There are doubtless some 
residual errors, and I shall be grateful to any readers who will 
help me to correct them. 

A. S. R. 


November 1935 
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HYDROSTATICS 


Chapter I 


INTRODUCTION 


1-1. Hydrostatics is the branch of mathematics which is 
concerned with the conditions under which systems of forces 
maintain masses of fluid in a state of relative equilibrium, 
together with the determinations of the reactions exerted by 
fluids upon bodies with which they are in contact. 


1:11. Shearing stress. At any point P inside a material 
substance or ‘medium’ imagine a small plane surface A to be 
drawn lying wholly within 


the medium. The surface A he 
may be regarded as dividing R 
or separating the medium at gee ait 
° : N N 
P; and, since action and re- R ‘A ‘A 
action are equal and oppo- ‘ 
S 


site, the two portions of the 
medium on opposite sides of the surface A exert on one 
another equal and opposite forces R. Without much more data 
we cannot specify the direction of the force R, but in general it 
can be resolved into a component N normal to A and a com- 
ponent S tangential to A. If for convenience we take the area 
of A to be the unit of area, then the force F is the stress per 
unit area across A; the normal component N is the thrust or 
tension per unit area across A according to the sense in which 
it acts, and the tangential component S is the shearing stress 
per unit area along A. 


1:12. A fluid is a substance which flows or 1s capable of 
flowing. The two most familiar forms of fluid are air and water. 
The property of these substances which distinguishes them 
most readily from solids is the ease with which any masses of 
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them can be subdivided. They offer practically no resistance to 
separation, or, in mathematical language, they do not exert 
shearing stress. 

Let ABC represent a body ona horizontal plane AC, and let 
DE bea hypothetical oblique plane section. Suppose the body 
to be a solid in equilibrium. Considering the portion DBE, its 
weight can be resolved into components in the direction HD 
and at right angles to HD, and these forces are balanced by the 
stresses across the plane HD which, as in 1-11, consist of a 
shearing stress along DE and a normal thrust. Consequently 
it is the shearing stress in the plane DH which prevents the 

B 


——SS— 


D 


A Cc 


portion DBE from sliding down the plane HD. But if the body 
were a fluid such as water we know from experience that it will 
not remain in a heaped up position, and the reason for this is 
because in equilibrium a fluid cannot exert shearing stress or 
resist indefinitely any force of that nature. 

This fundamental property of a fluid provides another 
definition: viz. a fluid is a substance which will yield to any 
continued shearing stress however small. 

This definition embraces substances as widely different as 
water, treacle and coal tar. To explain the difference between 
such substances mathematically, it must be observed that 
when a fluid is in motion there are in general frictional forces 
between its particles; the magnitude of such forces depends on 
the viscosity or ‘stickiness’ of the fluid. The viscosity manifests 
itself in fluid motion in the production of shearing stresses 
which check the free motion of the particles. Thus reverting 
again to the figure, the external force on DBE tends to produce 
a shearing stress in the plane DE, and if ABC were a mass of 
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non-viscous fluid such as water it would yield instantly to the 
externally applied tangential forces and subside on to the 
horizontal plane; if it were a mass of viscous fluid such as 
treacle the subsidence would take longer, and if it were a mass 
of very viscous fluid such as coal tar it would take a very long 
time to subside. But we include coal tar among the class of 
fluids because it will yield to any shearing stress however small 
provided that stress acts continuously for a sufficient time. 
And this property serves to distinguish viscous fluids from 
plastic solids such a putty, in that, with the latter class of sub- 
stances, a stress of a definite magnitude is required to produce 
a deformation; while in the former class it is only necessary to 
have a certain duration of time for any shearing stress however 
small to produce a permanent displacement. 

It must be remembered that viscosity or ‘stickiness’ is only 
effective in producing shearing stresses when a fluid is in 
motion, and consequently there are no shearing stresses in a fluid 
in equilibrium. This means that if the medium in 1-11 is a fluid 
in equilibrium, then at every point and however the surface A 
may be orientated the component S is always zero, and the 
thrust on any plane surface in the fluid is at right angles to it. 

It follows that, in a continuous mass of fluid in equilibrium, 
any portion that we select, no matter how large or small, is in 
equilibrium under the action of external forces and the normal 
pressures of the surrounding fluid upon it. And as there are no 
shearing stresses the resolved parts of these forces in any 
direction must balance one another. 


1-13. A perfect fluid is an ideal substance which, whether 
at rest or in motion, is incapable of exerting or offering resist- 
ance to shearing stress. 


1-14. Liquids and gases. Fluids are of two kinds: 
(i) Liquids, which are incompressible or nearly so. 
(ii) Gases, which are easily compressible and can be made 


to expand indefinitely by increasing the volume to which they 
have access. 

Water, for example, is not absolutely incompressible, but it 
requires such a great pressure to produce a very small relative 
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diminution in volume that for most practical purposes it may 
be regarded as incompressible. 

The distinction between solid, liquid and gas is sometimes 
stated in this way: a solid of definite mass has size and shape; 
a definite mass of liquid has size but no shape, and a definite 
mass of gas has neither size nor shape. 

All gases can be converted into liquids by sufficient lowering 
of temperature and increase of pressure. For each gas there is 
a critical temperature such that for higher temperatures no in - 
crease of pressure however great will cause the gas to condense, 
while for lower temperatures the gas can be condensed by in- 
creasing the pressure. At temperatures below the critical 
temperature the gas is called a vapour and when above the 
critical temperature it is called a permanent gas. 


1:2. Pressure. We have used the word ‘pressure’ without 
defining it. The idea of pressure implies something pressed 
upon, e.g. a surface subject to a certain force or thrust. When 
the thrust upon every portion of a plane surface is proportional 
to the area of the portion there is said to be a uniform pressure 
on the surface; and the measure of the pressure ts the thrust wpon 
a unit of area. 

The mean pressure on a given plane surface is the uniform 
pressure which would produce the same resultant thrust as the 
actual pressure produces. 

The pressure at a point of a surface is the limit of the mean 
pressure on a small area surrounding the point as the area is 
diminished indefinitely. 

We may define the pressure at a point of a fluid explicitly 
thus: Imagine a small plane surface containing « units 
of area to be placed at the point (as in 1:11) and let N 
denote the normal thrust of the fluid on either side of this 
surface, then the limit of (N’/«) as «> 0 is the pressure at the 
point. 

It will be noticed that this definition tacitly assumes that 
the result se (N/«) is independent of the orientation of the 


small plane surface, and we must now proceed to justify that 
assumption. 
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1-21. The pressure at a point in a fluid in equilibrium 
is the same in every direction. 

In the fluid draw a small tetrahedron OABC with three 
mutually perpendicular faces OBC, OCA, OAB. We suppose 
that the fluid is subject to an ex- 
ternal field of force (such as gravity), 
the effect of which can be measured 
as so much force per unit mass of 
fluid. Then the component parallel 
to OA of the external forces on the 
fluid in the tetrahedron may be 


denoted by X x mass of fluid in OABC, 
or by pX x volume OABC, 


where p is the mean density of the fluid in OABC. 

Now let p, p’ denote the mean pressures on the surfaces 
OBC, ABC, so that the actual thrusts on these surfaces are 
p.AOBC and p’. A\ABC; and let @ denote the angle between 
OBC and ABC. 

By considering the equilibrium of the fluid in the tetra- 
hedron and resolving parallel to OA, we get 

p. AOBC—p'.AABC cos 6+ pX (vol. OABC)=0 (1), 
or (p—p') AOBC+4pX .0A.AOBC=0, 
or p—p +tpX .OA =O wrrrcsccecrerseees (2). 

Now let the tetrahedron diminish in size to vanishing point, 
then p, p’ become the pressure at O in two different arbitrarily 
assigned directions, and since OA +0, the equation reduces to 
p=p’, which proves the proposition. 


4-211. In the case of a fluid in motion, provided that the 
fluid is the ideal fluid of 1-13, so that there are no shearing 
stresses, the foregoing proposition is still true, for in this case 
instead of the statical equation (1) we shall have a dynamical 
equation which will only differ from (1) by the addition of a - 
term representing ‘mass x acceleration’; i.e. a term like the 
term in X, but with acceleration instead of X, and this term 
will give rise to a term in (2) which also tends to zero as the 
tetrahedron tends to vanishing point. 
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1-22. Dimensions of pressure. Since pressure is force per 
unit area, its dimensions in terms of the fundamental units of 
mass, length and time are 


MLT-2/L?= ML“ T-, 


1:3. Transmissibility of liquid pressure. An increase of 
pressure at any point of a liquid at rest under given external 
forces is transmitted to every other point of the liquid. 

The essential datum here is that the external forces on any 
portion of the liquid are prescribed and remain unaffected by 
the cause which produces the change of pressure. 

Let A, B be any two points in the liquid. About the straight 
line A B describe a thin cylinder with plane ends at right angles 


to AB. Then assuming this cylinder to lie wholly in the liquid, 
the difference of the thrusts on its ends must be equal to the 
resolved part in the direction AB of the external forces on the 
liquid in the cylinder. But this is constant, and therefore the 
difference between the pressures at A and B must be constant, 
so that any increase of pressure at A must be accompanied by 
a like increase at B. 

When the straight line AB does not lie wholly in the liquid, 
let the points A, B be joined by a succession of lines AC, CD... 
KB which do lie in the liquid; then it can be shewn as above 
that the pressure difference between each pair of points remains 
constant. 


1°31. Hydraulic or Bramah’s press. In outline this apparatus 
consists of two vertical cylinders communicating with one another 
by a tube near their bases, and each fitted with a piston, the space 
below the pistons being filled with water. 

If a downward force P be applied to the piston of area A this creates 
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an additional pressure P/A per unit area throughout the liquid, and 
consequently if the second piston is of area B the resulting upward 
thrust upon it is represented by Q= BP/A; so that 


OP == BA, 
or the thrusts on the pistons are proportional to their areas. 


Hence by adjusting the ratio of the areas we arrive at the ‘hydro- 
static paradox’, that any force however small may by its transmission 
through a liquid be made to support any weight however large. 


The apparatus may be used as a press if the load to be compressed is 
placed upon the piston B and pressed against a fixed barrier above the 
piston. In practice cupped leather collars round the pistons are needed 
to prevent oozing of the water. They are so placed that the water 
presses the collar against the sides of both the cylinder and the piston. 
A portion of such a collar is shewn in section in the figure. 

' 


1-4. Compression. Let a change of volume take place in a 
given mass of fluid, and let V, V’ denote the initial and final 
volumes. We may define the compression as the ratio of the 
reduction in volume to the original volume; i.e. 

compression =(V—V’)/V, 
or, in the notation of the Calculus, 
= —dv]v. 
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The compressibility of a fluid is the limiting ratio of the 
compression to the increase of pressure which produces it; or, 
if P, P’ denote initial and final pressures, 


compressibility = lim (4) / (P’ — P) 


Similarly we may define the elasticity of a fluid as the 
limiting ratio of the increase of pressure to the compression it 
produces; i.e. Vy 

y) 


elasticity = lim (P’ — P) / | 
dp 


=-v te . 

1:5. Density. The density of a substance is the mass of a 
unit of volume of the substance; e.g. the number of pounds 
per cubic foot or the number of grammes per cubic centimetre. 

The specific gravity of a substance is theratio of the density 
of that substance to the density of a standard substance. 

The substance usually adopted as the standard is pure water. 
In rough calculations the mass of a cubic foot of water may be 
taken as 1000 oz. or 62-5 lb.; but at a temperature of 4° C., i.e. 
the temperature at which water has its maximum density, the 
density is approximately 62-425. 

In the metric system the density of water is 1, the gramme 
having been chosen as the mass of 1 cubic centimetre of pure 
water at 4°C. 

If W denotes the weight in absolute units (poundals) of a 
body of mass M (lb.), then, as in books on Dynamics, 

W= Mg, 
where g is the acceleration due to gravity. 

But if the body is of density p and contains V units of 
volume, then from the definition of density 

M=pl, 
so that W sopVin cake cee (1). 

This relation expresses the weight in poundals, when V is 

measured in cubic feet and p is the mass in pounds of 1 cu. ft. 
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1-51. It will be observed that the dimensions of density in 
terms of the fundamental units are expressed by the formula 
ML-3, since it denotes mass per unit volume. On the other 
hand specific gravity is of no dimensions, but is merely a 
number representing how many times as heavy as a standard 
substance a given substance is. 

Consequently if w denotes the weight of a unit of volume of 
the standard substance, then the weight of a unit of volume of 
a substance of specific gravity S is Sw; and the weight W of V 
units of volume of the substance of specific gravity S is given 
pages fornia VSR HNO: coe (1). 


1:52.‘ Specific gravity of mixtures. Let volumes 
V,, Vz, Vz ... of fluids of specific gravities S,, S., Ss ... be 
mixed together and let S be the specific gravity of the mixture. 
Then using 1-51 (1) and assuming the volume of the mixture 
to be the sum of the volumes of its constituents, the weight of 


UV eV ye) Om 
but this must be equal to the sum of the weights of the con- 
stituents, viz. 

VS, wt V.S,.w+Vz83wt «++ 
Whence, equating and dropping the factor w, we get 
VS, +V282+VgS3t--- 


Semi eos ge grea 


If for any reason the mixture has a volume U, not equal to 
the sum of the volumes of the constituents, the corresponding 
formula is clearly 


S=(V,8,+V2SetV383+---)/U eocccccce (2). 
Secondly, if given weights W,, W2, W, ... of the fluids are 
mixed, then from 1:51 (1) the volume of the mixture is 
(W,+W,+W,+..-)/ Sw, and, assuming there to be no change 
in total volume, this must be equal to the sum of the volumes 
of the constituents, viz. 
Woe Wan s 
Syw F S,w a S,w 
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5 Wit W.+Wst... 
Whence we get S= WV ae, 


8S, 8, 
as could have been deduced from (1) by applying 1-51 (1). 


The formula can also be modified ifit is known that a definite 
change in volume results from the mixing. 


el eee Hee sy 


+ 


1:6. Examples. (i) Shew that the specific gravity of a mixture of n 
fluids is greater when equal volumes are taken than when equal weights are 
taken, assuming no change in volume as the result of mixing. 


Let S, 8’ denote the specific gravity of the mixture according as we 
mix equal volumes or equal weights. Then if s,, s, ... s, denote the 
specific gravities of the constituents, from 1°52 (1) and yh we have 

q_l Use alte Hal 
S=_ (81+ 82t---+8n) and == az se a 

If we now apply the theorem that the EE ee mean of nm unequal 

positive numbers is greater than their geometric mean, we have 


= 1 1 
S>n Bes ad =>; 
eee a) én) ee S’~ A (8182 +++ 8n) 
Whence it follows that S>8’. 


(ii) Pure water is added, drop by drop, to a vessel of volume V filled 
with a salt solution of specific gravity s, which is allowed to overflow. 
Find the specific gravity of the solution when a volume v of water has been 
poured in. 


Let o denote the specific gravity when a volume v of water has been 
added, and o+do the specific gravity when a volume v+dv has been 
added; i.e. dv may denote the volume of a drop of water. 

The addition of a drop at this stage means that a volume dv of 
specific gravity 1 is added to a volume V of specific gravity o and forms 
a total volume V + dv of specific gravity o + do whereof a drop overflows. 
Hence, by equating the weight of the mixture to the sum of the weights 
of the constituents, we get 


(V +dv) (o+de)=dv+Vo. 
Neglecting the product of the small quantities dv, dc, this equation gives 
Vdo+dv(o—1)=0 


do dv 
or ay See yotg 
Hence by integration log(o—1)+ 7 =iGn 


But when v=0 then o=s, so that C=log(s—1), and 


log (o— 1) =log (s—1)— 5. 
Therefore o=1+(s—Il1)e-"", 
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EXAMPLES 


1. The weight of an empty vessel is 3 oz.; when filled with water it is 
9 oz.; and when filled with oil, 8-4 oz. Find the specific gravity of the oil. 


2. The specific gravities of gold and copper are 19-3 and 8-62. Find 
the specific gravity of an alloy of 11 parts by volume of gold to 1 part 
_ of copper. 


3. A mixture of oxygen and nitrogen is found to consist of 21 parts 
of oxygen to 79 of nitrogen by volume, or by weight 23 parts to 77. 
’ Compare the densities of the gases. 


4, What quantity of water must be mixed with a gallon of milk to 
reduce its specific gravity from 1-03 to 1-02? 


5. When equal volumes of two substances are mixed the specific 
gravity of the mixture is 6, and when equal weights of the same sub- 
stances are mixed the specific gravity of the mixture is 4. Find the 
specific gravities of the substances. 


6. What weight of water must be added to 30 oz. of a solution whose 
specific gravity is 1:06 so that the specific gravity of the mixture may 
be 1-03? 


7. Acylindrical jar containsin the bottom water toa depth of 3inches 
and above the water a liquid, of smaller specific gravity, to the depth 
of 4 inches; the water weighs 0-5 lb. and the other liquid weighs 0-4 lb. 
The jar is now shaken till the liquids are thoroughly mixed (without any 
alteration of volume). Find the specific gravity of the mixture, and 
shew that the work done in shaking the jar is at least 3 ft. lb. 


8. Five litres of a liquid whose specific gravity is 1-3 are mixed with 
7 litres of a liquid whose specific gravity is 0-7 8. If the bulk of the liquid 
shrinks 1 per cent. on mixing, find the specific gravity of the mixture. 


9. The pressure of steam in a boiler is 150 lb. wt. per square inch; 
express this in dynes per sq. cm. 
[Take 1 inch=2-5 cm., 1 lb. = 450 gm., g= 980 0.4.s. units.] [C.] 


10. Prove that, if the elasticity of a fluid is equal to the pressure, the 
pressure varies inversely as the volume. [M. T.] 


11. Find the relation between the pressure and volume of a fluid, if 
the elasticity is equal to y times the pressure. 


12. A hydraulic lift (on the principle of the Bramah’s press) consists 
of a ram of cross-section A and a piston of cross-section B. The ram 
supports a weight W, and the piston is driven into the cistern with a 
slow uniform motion by an engine of power H. The friction at the collar 
of the ram is F, and at the collar of the piston is F’. Prove that the 
speed at which W rises is 

BH|(BW+BF+AF’). [M. T.] 
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13. A piston is slowly pushed along a cylinder against water under 
pressure and to prevent leakage the piston is fitted with a leather collar 
of breadth 1 which the water pushes against the walls of the cylinder. 
If « is the coefficient of friction between the leather and the cylinder 
and 7 is the radius of a section of the cylinder, prove that the fraction of 
the work done which is spent in overcoming friction is 

Qyl 
r+2yul te 

14. Prove that in consequence of the friction of the collars, the 
efficiency of the hydraulic press is reduced to (1 — 4yk)/(1+4uk’), where 
k and k’ denote the ratios of the heights of the larger and smaller collars 
to their diameters. 


ANSWERS 
1. 0-9. 2. 18-41. 3. 1817:1617. 4. 0-5 gall. 
5. 6424/3. 6. 284 oz. 7. eH. Sondet. 


9. 10,584,000. 11. pv’=const. 


Chapter II 
PRESSURE OF HEAVY FLUIDS 


2-1. Ina later chapter we shall obtain a general expression 
for the pressure in a fluid which is maintained in equilibrium 
by a variable field of force. In this chapter we shall consider 
the special case in which the field of force is uniform; for 
example a fluid in equilibrium under the action of gravity. 
This case, in which there are no external forces to be considered 
but the weight of the fluid, is capable of simple independent 
treatment. 


2-2. Pressure the same at all points in a horizontal 
plane. In a fluid at rest under gravity the pressure ts the same 
at all points in the same horizontal plane. 

Let A, B be any two points in the same horizontal plane and 
let the straight line AB lie wholly in the fluid. Let a thin 


cylinder be described about the line AB as axis having plane 
ends at right angles to AB. Considering the equilibrium of the 
fluid in this cylinder, the only forces on it which have any com- 
ponents in the direction AB are the thrusts of the surrounding 
fluids on the ends at A and B. 

Therefore the thrusts on the ends at A and B are equal. But 
the areas of the ends are equal, therefore the mean pressures on 
the ends are equal. Hence by diminishing the area of the cross 
section of the cylinder we get 

pressure at A = pressure at B. 
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Itis to be observed that this proposition involves no assump- 
tion about the density of the fluid. It is true whether the fluid 
be homogeneous or not, and for gases as well as for liquids. The 
only limitation is that it shall be possible to join the points 
A, B by a horizontal line lying in the fluid. 


2-3. In homogeneous fluid at rest under gravity the difference 
between the pressures at two points is proportional to the difference 
of their depths. 


Let A, B be two points in the same vertical line in the fluid. 
About AB as axis describe a cylinder of cross section « with 
plane horizontal ends at A and B. Let p, p’ denote the pres- 
sures at A, B and p the density of the fluid. 

Considering the equilibrium of the fluid in the cylinder, 
the vertical forces acting upon it are its weight gpxAB and 
the thrusts of the surrounding fluid on its ends, viz. pa up- 
wards at A and p’« downwards at B. 


Therefore pu.—p x=gpxAB 
or DD = OPA | cso consnvonaceseate Gy. 


It is easy to see that the result holds good when the points 
A, B are not in the same vertical. If for example the fluid 
is contained in a vessel as depicted in the figure in which 
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A’, B’ are points in a horizontal line vertically below A, B, 
then press. at A’—press. at A=gpAA’ 
and press. at B’— press. at B=gpBB’; 
but the pressures at A’ and B’ are equal (2-2), therefore 
press. at B—press. at A=gp (AA’— BB’) 
oc difference of depths. 

It follows of course that if A and B are at the same level the 
pressures at these points are the same, so that this constitutes 
an extension of the theorem 2-2 to the case in which the 
straight line AB does not lie wholly in the fiuid provided that 
the fluid is homogeneous. 

2-31. Ifin 2-3 (1) we put AB=z, we have 

PHP HVPPZ .vccrecscncsceresessvors (1): 

The same result clearly holds good if the fluid is not homo- 
geneous but p denotes the mean density of the fluid in a thin 
cylinder about the line AB. Also if the fluid between A and B 
consists of horizontal strata of uniform densities and p denotes 
the density of the stratum of vertical thickness z, then 

D—D = LIPS oavacevesesersscresasee (2), 
wherethesummation extends to all the strata which lie between 
A and B. 

And finally, if the density varies continuously and p is the 
mean density of a thin stratum of thickness dz, then 

P—P H=JSGIPAZ .ecesescscrereesvecevere (3), 
where the integration extends along the line between A and B. 

2-32. In a fluid at rest under gravity horizontal planes are 
surfaces of equal density. 

Let A, B be two points in the fluid in the same horizontal 


line and A’, B’ two points at a short distance vertically above 
A, Band such that AA’= BB’. 
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Let p denote the mean density of the fluid between A and A’ 
and p’ the mean density of the fluid between B and B’, so that, 
using p, to denote the pressure at A, we have 

Pa Pa =GpAA' 
and Psa—Py=op BB’. 
But from 2:2 p,=p, and py=p,y, and since AA’= BB’ 
therefore p=p’. By diminishing the distances AA’ and BB’ it 
follows that the density at A =the density at B. Hence the 
density at all points in the same horizontal plane is the same. 

Thus when fluid is at rest under gravity horizontal planes 
are surfaces of equal pressure (2-2) and equal density. We shall 
see later that this is a particular case of a more general theorem 
that when a fluid is at rest in a conservative field of force the 
surfaces of equal density and the surfaces of equal pressure 
coincide. ' 


2°33. When two fluids of different densities at rest under 
gravity do not mix their surface of separation is a horizontal. 
plane. 


For if the surface of separation A B be other than horizontal 
it can be intersected by horizontal lines such as CD. At the 
points C, D the densities will be different, since they lie in 
the different fluids; and this is in contradiction to the theorem 
of 2-32. 

It follows that the free surface of a liquid at rest is a hori- 
zontal plane, and this fact is independent of the shape of the 
containing vessel, and if the vessel has several branches the 
free surface stands at the same level in all the branches pro- 
vided that the density is the same throughout. 
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2-4. Pressure in heavy homogeneous liquid. The earth’s 
atmosphere produces a pressure which depends upon the force 
of gravity, the height above the earth’s surface and other local 
conditions. At sea-level it varies about the neighbourhood of 
14-5 lb. to the square inch. All surfaces exposed to the atmo- 
sphere are subject to this pressure and this applies to liquids 
with an exposed or ‘free’ surface. 

If in 2-3 we take the point B in the free surface of the liquid, 
the pressure p’ is then the atmospheric pressure, usually 
denoted by II. Let the point A be at depth z, then 2-3 (1) 


becomes 
PHTLA GPs .orcecececscesesceeeeecs (1). 


If we put Il=gph, then a horizontal surface at a height h 
above the free surface of the liquid is called the effective 
surface, and (1) may be written 


P=WTP (WAZ) overescesesrscsceseenece (2), 
so that p varies as the depth below the effective surface. 


2-41, Head of Liquid. A pressure due to a head of k feet of 
liquid means a pressure at a depth of k feet below the effective 
surface. 


2:42. Example. A fine tube of uniform bore is bent into the form of a 
square and filled with equal volumes of three heavy liquids of densities 
Pi» P2> Ps (pPi<p2<ps)- Lf the tube is placed 
with one side vertical, shew that a side of A —==-=—== 
the square will be filled with liquid of the 
first, third or second kind only according 
as p, is >$(2Zpg+pr) OF <$(p3t2p1) OF 
lies between these values. {I.] 


eh iam AEE 


Let a be a side of the square, then the 
length of tube occupied by each liquid is Ps 
4a, First let the liquid p, fill the upper- 
most side of the tube and lengths x and 
1a—« of the adjacent sides. Then in the D C 
figure, as in 2°2, the pressures at A and. 

B are equal and the pressures at C and D are equal; so that 


press. at D—press. at A =press. at C —press. at B, 
or gpre+9ps(4—%) = Gps ($4—2%) + 9pa (3a +) 
or x (ps + p2— 2px) = $4 (3ps — pi — 2p2) se esceccoeseses (Ne 
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The necessary and sufficient conditions for this arrangement of liquids 
to be possible are 0 <x < 4a, or from (1) 
< 3Ps— Pia ps 
ps + p2— 2px 
Since p; <p2;<ps the numerator and denominator are positive, so that 
the first inequality is satisfied, and the remaining condition is 


alls 


3ps— pi— 2p2<pst p2—2p1 
or Po>F(Zpgt py) -ceccceccesecscsccescsceees (2). 
Secondly let the lowest side CD be filled with the liquid of density 
p3, and the other liquids be as in the figure. A like argument gives 
p1(4—2&) + pgX = py (Bata) + ps (3a—2) 
or X (2ps — px — po) =$FA(2pg+ pg—Bpy) -ceeseeeeeeeers (3) 


and again the necessary and sufficient conditions are 0<a<}4a, or 


from (3) 


0 <2Pst+Ps— Spr — 1. 


2p3— Pi Pe 


D 


Here the numerator and denominator are positive, since p,<ps<ps, 
therefore the first condition is satisfied and the second is 


2p2+ ps— 3p; < 2p3— pi — pe 
or P2 < 4 (ps + 2p) eee eee ee eceneseeeeresenees (4). 


Finally let a vertical side BC be filled with liquid of density p,, and 
the other liquids as in the figure. Reasoning as before we have 


pi (34+) + ps (3a —2) = pp 
or (ps — pi) = $A (Jpg + py—Bpg) --.0eeesceseesoese (5), 
and the necessary and sufficient conditions for this arrangement are 
0<u<ita 


or 0 < 2h t Pia 3p2 7 
P3— P1 
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Now the denominator is positive, hence the first inequality requires 


that 
pa<4(2p3 + px) Perr ccccccccececceececceene (6) 
and the second requires that 


2p3+p1—3pa<ps—p1 
or p2>4(ps + 2p1) ARS CCOA CHAO HOOOCIDOOODODODOD (Ga) 


and (6) and (7) are together necessary and sufficient for this arrange- 
ment. 


2-5. Thrust of heavy homogeneous liquid on plane 
surfaces. The thrust of a heavy homogeneous liquid on a plane 
area is equal to the product of the area and the pressure at its 
centre of gravity. 


Let dS denote a small element of the area S and let z be the 
depth of dS below the effective surface. Then if p is the density 
of the liquid, since the pressure at 
depth z is gpz, therefore the thrust on 
the element dS is gpzdS and the total | 
thrust on the area S 


= Xgpzd8, 


summed for all the elements of area 
into which S is divided. But 


LizdS =ZzudS =28, 


where Z is the depth of the centre of 
gravity of S. Therefore the total 
thrust =S x gpz and since gpz is the 
pressure at the centre of gravity of S, this proves the pro- 
position. But we must note that the thrusts on the elements 
constitute a set of parallel forces (at right angles to the plane) 
and we have found the magnitude of the resultant force but 
not the point at which it acts; and the magnitude depends 
only on the area and the position of its centre of gravity and 
not on its inclination to the horizontal. 


2°51. Itis evident from 2°5 that the thrust on the horizontal base of 
a vessel of the liquid which it contains does not depend on the shape of 
the vessel but only on the area of the base and the depth of the liquid, 


2-2 


/ 
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being equal to the weight of a cylinder of liquid whose base is that of the 
vessel and whose height is the depth of the liquid. 


. 
' 
a) 
‘ 

‘ 

‘ 

'‘ 

' 

' 

' 

' 
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If for example a hollow right circular cone of height / and radius of 
base r has its vertex uppermost and base horizontal and is just full of 


liquid of density p, the pressure at any point of the 
base is gph so that the total thrust on the base is 
gprr*h. But the weight of the liquid is only }gpzar*h, 
the volume of the cone being 4zr*h. Hence the 
thrust on the base exceeds the weight of the liquid 
in the cone by %gpz7r*h and this force must measure 
the resultant thrust of the liquid on the slant sides 
of the cone. So that the thrust on the base is made —— 


up of the weight of the liquid and the downward 
reaction of the slant sides on the liquid in the proportion of 1 to 2. 


2°511. The reader will note that in the example just considered we 
used the words ‘just full’. It is obvious that the pressure inside a sealed 
vessel full of liquid can be made to vary considerably by altering its 
temperature, but we shall use the words ‘just full’ to signify that there 
is a point in the liquid at which the pressure vanishes. Thus in the 
example of 2°51 we assumed that the pressure was zero at the vertex 
of the cone. The use of the words ‘just full’ in this sense is a common 
convention. 


2°6. Examples. (i) A pair of equal vertical lock gates are kept shut by 
the thrust of water 14 feet deep. Taking the gates as rectangular and plane, 
each 13 feet wide and supported by. vertical hinges 24 feet apart, find the 
reaction between the gates across the line where they abut. 


Let & be the required reaction, 7’ the thrust of the water on a gate 
and « the angle which the gates make with the plane through the 
hinges. 


2-6] EXAMPLES ’ 21 


Since the thrust 7' acts at a point on the vertical bisector of a gate, 
it is evident by symmetry that the resultant reaction of the hinges 
must also be a force R. Hence 


2Rsine«=T 
or 2R.3=14x 13x 7x 62-5lb. wt., 


| taking the weight of a cubic foot of water to be 62-5 lb. Whence we find 
that R= 46-21 tons. 


(ii) A parallelogram ABCD is immersed in homogeneous fluid of 
density p, open to the atmosphere (pressure II), with the side AB in the 
surface. E is a point in AB such that AE=%AB. A straight line joins E 
to a point F in CD. Shew that, if the thrusts on AEFD and EBCF are 
equal, DF is given by 


6DF (311 + 2gpb) = AB (611+ 5gpb), 
where b is the depth of CD. [M. T.] 


D Ome: M C 


As this problem involves only the thrusts on plane areas, it is a case 
in which the theorem of 2°5 might be applied. But its application 
requires a knowledge of the positions of the centroids of the areas 
AEFD and EBCF and it is simpler to obtain the result by direct 
integration. 

At depth z take a horizontal strip of breadth dz, say PQE in the 
figure; and let HM parallel to BC meet PR in N and DC in M. 

Then 


PQ=PN—-QN=AE-<FM =4AB-;(8AB-DF); 


b 
2z a 
and QR=AB-PQ=}4B(1+5)-DF.j. 


And since the pressure at depth z is II + gpz, we get for the thrust on 
AEFD 


z 


[/ca+ave) {848 (1-5) + DP; de 


=1AB.b(31L+gpb)+4DF .b (311 + 2gpb); 
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and for the thrust on HBCF 


[ci +ave) {3B (1 +7) -pFt de 
0 

=;:AB.b(1211 + Tgpb)-—4DF .b (311 + 2gpb). 
By equating the two thrusts we obtain the required result. 


(iii) Two vertical tubes of equal uniform bore are connected at their bases 
by a horizontal tube of small bore: mercury is first poured into them, and 
then water is poured down one, until there is equilibrium with the mercury 
surface at a height h above the common surface. Another communication 
between the tubes is now opened by means of a fine horizontal tube at a 
height c above the common surface: prove that the length of the column of 
water which will flow from one tube to the other is the smaller of oc and 
4ch, where o is the specific gravity of mercury. [1.] 


Let GH and OD be the free surfaces of the water and the mercury and 
EHF their common surface before 
the communication is opened. The 
height of the column of water GH 
is then oh. 

When a communication PQ is 
opened and the liquids take upa 
new equilibrium position, the con- 
ditions to be satisfied are equality 
of pressure at the bottom of the 
tubes and equality of pressure at P 
and Q (2°2). And since pressure dif- 
ference between P and A = pressure 
difference between Q and B, the 
mercury columns below the level 
PQ must be of the same height and 
likewise the water columns if both liquids extend below that level. 

There are two possibilities, h< 2c or h>2c. In the former case the 
whole of the mercury will sink below PQ, and to make the pressures at 
A and B equal, one half the water will pass along PQ to the tube CB, 
i.e. a column of length }oh. In thé latter case the mercury in the tube 
AH will rise to P and consequently in tube CB it will stand at a 
height h — 2c above Q. Suppose that in order to balance the pressures 
at P and Q a column of water of length x is transferred. Then the 
pressure at Q is due to a column of mercury of length h—2c¢ and a 
column of water of length x, while the pressure at P is due to a column 
of water of length oh—«. Hence 


o(h—2c)+x%=ch—2, 
so that Loc. 


It follows that the length of the column of water transferred is 
oc or $oh according as 2c is less than or greater than h. 
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EXAMPLES 


1. Two cisterns containing water are connected by a pipe. The 
upper cistern is open, and the free surface of the water in it is 20 feet 
above the top of the lower cistern. The latter is 4 feet long by 6 feet 
broad by 5 feet deep, and full of water. Taking the height of the water 
barometer as 30 feet, calculate the resultant fluid pressures on the top, 
sides, and base of the lower cistern in tons weight. [36 cubic feet of 
water weigh | ton.] 


2. The flat bottom of a vessel is movable, and has an area of 9 square 
inches. The vessel contains mercury to a height of 3 inches, and above 
the mercury water to an additional height of 16 inches. Calculate the 
upward force necessary to keep the bottom in position, assuming that 
a cubic foot of water weighs 1000 oz., and that the specific gravity of 
mercury is 13-6. [C.] 


3. The lower ends of two vertical tubes of diameters 1 inch and 
0-4 inch respectively are connected by a tube. The tubes contain 
mercury of specific gravity 13-6. If 28 cubic inches of water are poured 
into the larger tube, by how much is the level of the mercury in the 
smaller tube raised? 


ae Equal volumes of three fluids of different densities, which do not 

mix, together completely fill a circular tube which is kept in a vertical 
plane. Prove that, if the densities of the fluids are in arithmetical pro- 
gression, the common surface of the lightest and heaviest fluids is at an 
extremity of a horizontal diameter of the circle. 


5. A circular tube centre O is filled with three fluids of densities 
i> Pas p3 (in descending order of magnitude) and placed in a vertical 
plane. If 2«, 28, 2y be the angles subtended at the centre by the fluids 
and P be the point on the circumference midway between the ends of 
the lightest fluid, then the angle 9 which OP makes with the vertical 


is given by (pe—p3)_ Sine sin (B—@) (1.] 
(pi—ps) Sin(a+6)° sinf : 


6. Aclosed tube in the form of an equilateral triangle contains equal 
volumes of three liquids which do not mix, and is placed with its lowest 
side horizontal. Prove that, if the densities of the liquids are in arith- 
metical progression, their surface of separation will be at points of 
trisection of the sides of the triangle. [M. T.] 


7. A fine glass tube in the shape of an equilateral triangle is filled 
with equal volumes of three liquids which do not mix, whose densities 
are in arithmetical progression. The tube is held ina vertical plane, and 
the side that contains portions of the heaviest and lightest liquids 
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makes an angle @ with the vertical. Shew that the surfaces of separation 
divide the sides in the ratio 


7 7 
cos ¢ _ 6) : COS (3 + 0) [I.] 
8. A uniform cycloidal tube contains equal volumes of four fluids 
of densities 1, 2, 3, 4 arranged in the order given: shew that if the axis 
' of symmetry be inclined at an angle cot~ z to the vertical and the tube 
be completely filled, no fluid will run out. [C.] 


9. ABC is a triangular lamina with the side AB in the surface of 
heavy homogeneous liquid. A point D is taken in AC such that the 
thrusts on the areas ABD, DBC are equal. Prove that 


AD:AC=1:/2. 


10. Find the thrust on a vertical quadrilateral which has one side 
of length a in the surface, and the opposite side of length 6 parallel to 
it at depth h. 

If the fluid consists of a top layer of density p and thickness h/2, and 
the rest of density o, prove that the thrust on the quadrilateral is 


gh? 
7g {(74+ 110) p+ (a+ 5b) o}. [1.] 


11. A rectangular area is immersed in a heavy liquid with two sides 
horizontal, and is divided by horizontal lines into strips on which the 
total thrusts are equal. Prove that, if a, b, c are the breadths of three 
consecutive strips, 

a(a+6)(b—c)=c(b+c) (a—b). [M. T.] 

12. Equal volumes of two liquids of densities p and 3p, which do not 
mix, together just fill a cone which is held with its axis vertical and its 
vertex uppermost. Prove that the pressure at any point of the base is 


3 — 4/4 times the pressure at the same point when the cone is filled with 
the lighter liquid. 


13. Two lock gates, each 16 feet wide, are closed across a canal, so 
that each makes an angle of 30° with the line joining their hinges. The 
depth of water on one side is 12 feet and on the other 6 feet. Find the 
force with which the two gates press on one another, taking 62:5 Ib. as 
the weight of a cubic foot of water. {1.] 


14. The two arms of a U-tube are close together. In the one arm 
there is water and in the other mercury, so that their common surface 
is at the lowest point. One quarter of the water is taken out and is 
poured into the other arm over the mercury. Prove that in the new 
equilibrium position the difference of heights of the upper surfaces is 
one-half of what it was formerly. [I.] 


15. A U-tube, of uniform section, open at both ends, contains 27 
inches of water and such a quantity of mercury that the water is 
entirely in one of the straight portions of the tube. The straight portions 
are connected by a fine horizontal tube which passes between them half 
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an inch above the surface of separation of the water and mercury, 
the passage through which is originally closed. If this passage is now 
opened, find in what direction the flow takes place through it, and the 
volume of liquid which passes before equilibrium is again established. 
[Take specific gravity of mercury to be 13-5.] [M. T.] 


16. Two vessels each contain oil, water and mercury, and the oil in 
one is in communication with that in the other by means of a fine hori- 
zontal tube and likewise the mercury. Prove that if h,, h, are the 
heights above a given horizontal plane of the oil-water and water- 
mercury surface in the one vessel, and h,’, ha’ the corresponding heights 

in the other, then (h,—h,’) (1—p) =(he’ — he) (o— 1), where p=specific 
gravity of oil, and o=specific gravity of mercury. {I.] 


17. A vertical circular cylinder of height 2h and radius r, closed at 
the top, is just filled by equal volumes of two liquids of densities p 
and oc. Shew that, if the axis be gradually inclined to the vertical, the 
pressure at the lowest point of the base will never exceed 


g(p+o) (7? +h*)t. [I.] 
ANSWERS 
4. 334 tons, 294 tons, 36% tons and 43} tons. 2. 1847 Ib. 
3. 2-26 inch. 10. 4gph? (a+ 2b). 18. 24-1 tons. 


- 15. 6°75 inches of water. 


Chapter III 
CENTRES OF PRESSURE 


3-1. Centres of pressure. The resultant thrust of a fluid on 
a curved surface with which it is in contact in general reduces 
to a force and a couple—not to a single force. But if the surface 
be plane the thrusts on all its elements of area constitute a 
system of parallel forces acting at right angles tothe plane, and 
the point in the plane at which the resultant of these parallel 
forces acts is called the centre of pressure of the area. 


3:11. In what follows it is to be assumed, unless the contrary 
is stated, that the plane area under consideration is immersed 
in heavy homogeneous liquid, so that in the notation of 2-5 the 
thrust on an element of area dS at a depth z below the effective 
surface is gpzdS. The thrusts on all the elements havea resultant 
gp2S, where Z is the depth of the centre of gravity and the pro- 
blem is to find the pointin the plane at which this resultant acts. 

In the first place we observe that if the plane of the area be 
turned about its line of intersection with the effective surface the 
position on the area of its centre of pressure remains unaltered, 
because the effect of the rota- 
tion is merely to alter the 
depths of all points of the 
area in the sameratio, so that 
the thrusts on alltheelements 
of area are altered in the 
same ratio and the relative 
position of their resultant is 
therefore unchanged. 

For example if ABCD be 
a plane area inclined at an 
angle @ to the vertical and P : 
the position of anelementdS 7? 
at depth z, then when the plane is rotated about the line KL, 
in which it meets the effective surface, until it becomes vertical, 


co’ 
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A’, B’, C’, D' and P’ being the new positions of A, B, C, D and 
P, the new depth of dS in the figure is P’M which is equal to 
PM or zsec@, so that the effect of the rotation is merely to 
multiply the thrust on eachelement of area by sec # and this will 
leave the relative position of the resultant thrust unaltered. 
Hence in any particular case we lose nothing in generality 
by supposing the plane of the area to be vertical. 


3-12. Formula for the depth of the centre of the pressure 

of a plane area. Let the plane of the area be vertical and meet 
the effective surface in the line KL. 
Let z be the depth of an element dS a | 
of the area, h the depth of the centre 
of gravity G and ¢ the depth of the 
centre of pressure. 

Thecentre of pressure is the centre 
of a set of parallel forces of the type 
gezdS, and, by taking moments 
about the line KL, we get for the 
depth of the centre of pressure 


R 
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ae Lgp27dS 
XgezdS 
or, since g and p are constant factors, 
Xz2d8 
mes Sag ere Ts (1) 


We know from the theory of the centre of gravity that the 
denominator or ‘first moment’ of the area about KL is equal 
to Sh, where S denotes the whole area. The numerator or 
‘second moment’ of the area about KL is called the ‘moment 
of inertia’* of the area about KL, and if it is denoted by Sk?, 
k is called the radius of gyration of the area about KL, and 


(1) becomes | PA BME oe Mosca sto es (2). 


By the theorem of parallel axes,} if k’ is the radius of 
gyration about an axis through @ parallel to KL, we have 


=k’? + h2, 


* See Dynamics, Ch. XIt. + Dynamics, p. 188. 
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so that Cea Sak wens vaecanneces sere (3); 


and the depth of the centre of pressure below the horizontal 
through ¢ is k’*/h. 

From 3-11 the relative position of the centre of pressure is 
unaltered by rotating the figure about KL, so that the results 
obtained above also hold good for any oblique position of the 
plane provided that distances which we have called ‘depths’ 
are taken to be distances from K L, i.e. measured along lines of 
greatest slope on the plane. 


3:13. In general the determination of a centre of pressure 
involves integration. In 3-12 we only shewed how to find its 
distance from a horizontal axis and its complete determination 
involves also its distance from a second axis in the plane. In 
general terms we can take any set of rectangular axes in the 
plane of the area and let » denote the pressure at the point 
(x, y), then using a small rectangular element of area dxdy, 
the coordinates €, 7 of the centre of pressure are given by 
formulae involving double integration, viz. 


Fpl Hat oot | PE Loca 
Sip dady ’ SSpdady 


It is sometimes convenient to use polar coordinates. 


3-2. There are elementary methods by which the position 
of the centre of pressure can be found in simple cases. 

Suppose that the figure A BCD is the area in question in a 
vertical plane meeting the effective surface in the line KL. At 
every point of the area erect an ordinate equal to the distance 
of the point from K L. The ends of these ordinates lie on a plane 
A’ B’C'D’ inclined at 45° to the vertical. Then 4 BCD is the 
base of a cylindrical or prism-shaped solid cut off by the plane 
A’ B'C'D’, and if dS is an element of ABCD at a distance z 
from KL the volume of the solid standing on dS is zdS, i.e. 
proportional to the thrust on dS in the hydrostatic problem. 
Hence, taking moments about KL to find the position of the 
resultant thrust, must give the same result as taking the mo- 
ment about KL of the volume of the solid ABCDA’B’O'D’; 
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and this determines the depth below K L of the centre of gravity 
of this volume. Consequently the centre of gravity of this 
volume projects horizontally on to the plane ABCD into the 
centre of pressure. 


‘ 


--------------J 
, 
ee ee eee 
7 


3°21. Examples. (i) A rectangle with a side in the e {fective surface. 

Applying the method of 32 the resulting solid is a wedge whose 
centre of gravity G is } of the way down the median of its central 
vertical section, and this point projects horizontally into a point A 
2 of the way down the vertical bisector of the rectangle, which is 
therefore its centre of pressure. 


(ii) A triangle with its vertex in the effective surface and rts base 
horizontal. 

In this case with the vertex A of the triangle in the effective surface 
the solid is a pyramid on a rectangular base BCC’B’. Its centre of 
gravity Gis ? of the way from A to the centre of the base,* and projects 

* Statics, p. 164. 
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into a point H which is of the way down the median from A to the 
middle point of BC; so that this is the position of the centre of pressure. 


(iii) A triangle ABC with a side AB in the effective surface. 

In this case the solid is a tetrahedron ABCC’. If CD is a median of 
the triangle ABO and £ the centre of gravity of the triangle, so that 
CE=%CD, then the centre of gravity of the tetrahedron is at G on 
O’E such that O’G=30’EH,* and G@ projects horizontally into a point 
H on CD such that CH=3CH=43CD. Consequently the centre of 
pressure of the triangle ABC is the middle point of the median CD. 


3:3. Effect of additional depth. The effect of lowering a 
plane area to a greater depth, without rotation, is to displace 
the centre of pressure along a straight line in the area towards 
the centre of gravity. 

For let C be the centre of pressure of the area S when the 
centre of gravity G is at depth h. The resultant thrust on the 
area in this position is a force 
gphS acting at C. The effect of 
lowering the area without rota- 
tion until the centre of gravity 
is at a depth h’ is to increase the 
pressure at every point of the 
area by the same amount 


gp (h' —h). 
Since this extra pressure is uni- 
* Statics, p. 163. 
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form over the area, it will have a resultant gp(h’—h)S 
acting at G (in the new position). Hence in the new position 
the resultant thrust is compounded of the parallel forces 
gphS at C and gp(h’—h) S at G, and these give a resultant 
gph'S acting at a point C’ on GC, such that by moments 


eau OU Oak k. 


3°31. Example. A plane triangular area is immersed in liquid of 
uniform density with its plane vertical, one side horizontal and the 
opposite corner downwards. Its vertical 
altitude is h, and the horizontal side is at 
a depth h below the effective surface. 
Shew that its centre of pressure 1s at a 
depth 11h below the surface. [M. T.] 


Let S be the area of the triangle 
ABC, AB the horizontal side and G the 
centre of gravity. If the side A B were in 
the effective surface, the thrust on the 
triangle would be gp.4h.S acting at H, 
the middle point of the median CD (2°5 
and 3°21 (iii)). 

The effect of lowering the triangle in 
the liquid until AB is at depth h is to 
add on another thrust gphS at G, so that 


Cc 
the total thrust is now 4gphS acting at 
a point H’ in GH such that 
4h.GH’=th.GH 
or GH’ =4jGH. 
But the depth of G is 4h and that of H is 3h, therefore the depth of 
H’=($+2))h= sh. fs 2 


Alternatively we may proceed directly 
by integration. Thus let PQ be a narrow 
horizontal strip of the area at depth x ! 


and of vertical breadth dz. Let AB=c. 
Then by similar triangles 


PQ:AB=2h—-«a:h, 
since 2h is the depth of C; 
or PQ=c(2h—2)/h. 


Since the pressure at depth « is gpz, 
the thrust on the narrow strip is 


gous (2h —«2) dx; 
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and the depth ¢ of the centre of pressure is given by 


2h C 2h 
[ap (2h—2) de [eta 28) de 
ls h eee 
TP ea ee, pee ee ae ea 
| 9027, (2h—2) de ["(2hec 2%) de 
h 


which reduces to = 1h, 


3-32. Centre of pressure of a triangular area whose 
angular points are at depths a, @, y. The most direct 
method of obtaining the formula for the depth of the centre 
of pressure is to assume the triangle to be in a vertical plane 
and use the expression k?/h 
of 3-12, where/h is the depth 
of the centre of gravity—in 
this case 4 («+ 8+y)—and 
k isthe radius of gyration of 
the triangle about the line 


& 


Ses oan. 
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of intersection of its plane 
with the effective surface. 

It can be shewn that a 
uniform triangular lamina 
of mass I is equimomental 
with three particles of mass 4M placed at the middle points 
of its sides; i.e. it has the same centre of gravity and the 
same moment of inertia about any line in its plane. 

Hence the k? for the triangle of area S is the same as for 
particles 38 at the middle point of each side. But the depths 
of these middle points are $(8 ++), $(y+«), («+ ), so that 


Et (By ya ae 
Bee ey 
eal?) (a) +7] 
=§ (e+ P+ y"+ By+yot wf). 
Hence the depth of the centre of pressure is given by 
he 1+ P+ y+ Bytyat+aB 
h 2 atB+y , 


By rotating the plane of the triangle about its line of inter- 
sections with the effective surface it is then easy to shew that 
the same formula holds good for a triangle in any position, for 


henge eee ae ao” 
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the depths in the new position all bear the same ratio to what 
were the depths in the vertical position. It is also evident that 
the thrust on a triangular area in any position is equivalent to 
three forces acting on the middle points of the sides and 
proportional respectively to the depths of those points, 


3°321. The equimomental property quoted in 3°32 can be demon- 
strated thus. Let £, y be the distances of the points B, C of a triangle 
ABC from any line AX through A in the 
plane of the triangle. Let BC meet this 
line in D. 

By taking narrow strips of the tri- 
angle ABD parallel to AX, it is easy 
to see that, if y is the distance of a strip 
from AX and dy its breadth, its area is 


AD (a -%) “oe 
B 1] 
so that the moment of inertia about 
AX of the area ABDis A D X 
AD [Bp 
ie 5 (B-Y) dy = AD. p?. 


Similarly the moment of inertia of ACD is 7;AD.y*. 
Therefore the moment of inertia of ABC is ~,AD(p?—y’), but its 
area is S=34AD(B—y), therefore its moment of inertia is 


BS (B? + By +y’) 


2 2 2 

: as{(F) +) +) 

and this is also the moment of inertia about AX of three particles $S 
at the middle points of the sides of the triangle A BC. This establishes 
the equality of the moments of inertia about AX and it is easy then to 
prove that the two systems have the same centre of gravity and the 
same moments of inertia about a line parallel to AX through the centre 
of gravity and by the theorem of parallel axes about any parallel line. 
But the direction of AX is arbitrary so the theorem is proved. 


3°33. Example. The centre of pressure of a parallelogram completely 
immersed is in one of its diagonals. Prove that the other diagonal is 


horizontal. [M. T.] 


Let ABCD be the parallelogram, G its centre and P, Q, R, S the 
middle points of its sides; let h be the depth of G, and p, q, 7, s the 
depths of P, Q, R, S; and let the centre of pressure be in the diagonal 
AC, 

The triangles ABC and ADC are of equal area, so the thrusts on 
them can be represented by forces kp, kq, kh acting at P, Q, G and 


RH 3] 
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kr, ks, kh acting at R, S, G, and these six forces have a resultant acting 
at a point on AC. But the distances of the lines of action of the four 
forces kp, kq, kr, ks from AC are the same, so we must have p+qg=r-+s. 
It.is evident, however, that when s exceeds p then r exceeds g by the 
same amount, so we must have p=s, and this makes PS and also BD 
horizontal. 


pi 


) 
' 
' 
i} 
' 
' 


3-4. Centre of pressure of a circular area. Let the circle 
be of radius a with its centre G at a depth h below the effective 
surface and let its plane be vertical. 

From 3-12 the centre of pressure is at a depth k’2/h below 
the centre of gravity, where k’ is the radius of gyration of the 
circle about a horizontal through G 
in its plane, i.e. about a diameter. ae Cae 
But k’*=a?/4,* therefore the centre of 
pressure is at a depth a?/4h below G. 

This result may be obtained directly 
by integration or by the following con- 
siderations: let the circular area be the 
base of a hemisphere. Then the liquid 
in this hemisphere is kept at rest by 
the thrusts on its bounding surfaces. we 
The thrusts on the curved surface all gp7a7h 
pass through the centre G, therefore 
the thrust on the plane face must have 
a moment about G equal and opposite V3gpna 
to that of the weight of the liquid in the hemisphere. But 
the weight is 3gp7a* acting vertically through the centre of 
gravity O of the hemisphere, which is such that GO =3a;} 


* Dynamics, p. 190. 
} Statics, p. 172. 
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and the thrust on the vertical circle is gp7a?h acting through 
the centre of pressure CO. 

Therefore by moments about G 

gp7a*h . GC = 2gpra’ .3a 

' or GC =a?/4h. 

When the circular area is inclined to the vertical it is clear 
from 3-11 that the same formula will represent the distance 
GC in the plane of the circle, if h denotes the distance of G 


from the effective surface measured along the plane of the 
circle. 


3°41. Centre of pressure of an elliptic area when its major 
axis is vertical or along a line of greatest slope. Let the plane 
of the circle of 3°4 meet the effective 
surface in the line KL. Take any other 
plane through KL and project the circle M 
on to it by drawing horizontal lines at ye ig 
right angles to the plane of the circle; es, 
thus forming a circular cylinder with / 
a circular section and an oblique (ellip- 
tic) section. If we consider the equili- 
brium of the liquid in this cylinder and 
resolve in the direction of its generators, 
we see that the thrust on the circle 
acting through its centre of pressure 
C must be balanced by the horizontal 
component of the thrust on the ellipse, 
so that the resultant thrust on the ellipse 
must act at the point C’ in which the horizontal through C meets the 
ellipse. Thus in the figure the points A, G, C are the orthogonal pro- 
jections of A’, G’, OC’. Hence we have 

Ge OC VAG 
AG AG 4MG Spal 
_ Lae 
~ 4MG” 

or G’O’=}1A’G?/M@’, where MM is in the effective surface; and the 
result is clearly independent of the inclination of the ellipse to the 
vertical. 


3-5. Position of the centre of pressure referred to coordinate 
axes through the centre of gravity of the area. 
Let the plane of the area be vertical. Let h be the depth of 
its centre of gravity G. Take rectangular axes Gz, Gy and let 
3-2 
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Gx make an angle 6 with the horizontal, lying below the hori- 
zontal through G as in the figure. 


K L 


The depth of the point P whose coordinates are x, y is then 
h+asin@+ycos@, so that the thrust on a small element of 


dS at Pi 
area dS at P is gp (h+asin 6+y cos 0) dS. 


Hence, by moments about the axes, the coordinates €, 7 of 
the centre of pressure are given by 
pe eee Ty coe nya _ Ly (h+asin 6+ ycos 0) dS 
~S(htasind+ycosd)dS’ | S(h+asind+ycos0)dS 


In the summations sin 0 and cos 6 are definite constants; also 
xadS and XydW8 are both zero because the origin is the centre 
of gravity of the area. 

xa?dS is the moment of inertia of the area 
about Gy=A say, 
xy?dS is the moment of inertia of the area 
about Ga=B say, 
and xaydS is the product of inertia of the area 
with regard to the axes and= F say. 
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Thus the expressions for the coordinates reduce to 


Asin @+ F'cos@ F' sin 6+ Bcos @ 
eta waa ty ee a a ee 
where S denotes the whole area. 

If we eliminate 0 we get an equation of the second degree 
shewing that if the area turns round G in its own plane the 
locus of the centre of pressure on the area is a conic. 

If we suppose the axes chosen to be the principal axes at G,* 
then the product of inertia Ff vanishes and we may put A = Sa? 
and B= WSb?, where a, b are the principal radii of gyration of 
the area, and then (2) become 


a” sin 0 b?cos 0 
rates ved aay SE (3), 
and the locus of the centre of pressure as 0 varies is 
faite! 
at a bt — ha soccer ecesascorsoeeeves (4) 
: : Ca . 
Again, the ellipse ae + hg Big ecectccncseceensesese (5), 


where a, b have the same meanings as above, is called the 
principal momental ellipse of the area at G, or its central 
ellipse. The polar of the point (€, 7) with regard to this ellipse is 


or, substituting from (3), 
BSD O EY COSO HW. sisccsencssavtenes (6). 


But this is the equation of a straight line parallel to the 
surface and at a depth h below G. 

It follows that the centre of pressure is the pole of this line 
with regard to the central ellipse. 


Cor. Since the central ellipse of a squareisa circle, therefore, 
when a square is completely immersed with its plane vertical, 
its centre of pressure lies vertically below its centre, no matter 
what are the inclinations of its sides to the vertical. 


* Dynamics, p. 193. 
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3°51. Example. An elliptic disc is just immersed in homogeneous 
liquid with its plane vertical. Find the locus on the disc of its centre of 
pressure. 

Take the axis of the ellipse as co- 
ordinate axes with Gz making an angle 
@ with the horizontal as in 3°5. If a,b 
are semiaxes of the ellipse and S its 
area, its principal moments of inertia 
are +Sa?, 4Sb?, so that from 3°5 (3) the 
coordinates of the centre of pressure 


are 4 
_ asin 6 _ 6? cos 6 


yy Games lect “en GH) 


But in this case, since the ellipse is just immersed, h is the central 
perpendicular on a tangent to the ellipse; so that 


h2 =a? sin? 0 + 0? COB? 8 ..s..cocccnnseosesecnne (2) 
and from (1) and (2) we get 
ose 
a’ 63 16 
as the required locus, viz. an ellipse similar and similarly situated to 
the given ellipse. 


EXAMPLES 


1. A rectangular door in the vertical side of a reservoir can turn 
freely about its lowest edge, and is fastened at its two upper corners. 
The door is 3 feet wide and 6 feet high, and its upper edge is 5 feet below 
the water-level. Determine the reactions at the upper corners, assum- 
ing them to be equal, and taking a cubic foot of water to weigh 62-5 lb. 


2. A ditch is 5 feet wide at the top, 3 feet at the bottom and 4 feet 
deep: the ditch is closed at one end by a board, supported at its four 
corners; calculate the pressures on the supports when the ditch is full 
of water on one side of the board, taking a cubic foot of water to weigh 
62-5 lb. : [C.] 


3. In the vertical side of a vessel containing water there is a square 
trap door, opening freely outwards about a hinge in its upper edge, two 
sides of the square being horizontal. The length of the side is 3 em., and 
the depth of the hinge below the surface of the water is 9 cm. Find the 
least force (in grams) that will keep the trap door closed. [C.] 


4, Calculate the resultant pressure (in tons weight) on a vertical 
quadrilateral dam ABCD in which AD, BC are horizontal, and AB, 
CD make an angle of 45° with the horizontal; AD is uppermost, the 
length of AD is 100 feet and that of BC is 50 feet. Find also the position 
of the centre of pressure. [C.] 
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5. Shew that, if any inclined plane surface wholly immersed in liquid 
be lowered, always remaining parallel to its former position, with its 
centre of gravity moving along a vertical straight line, the locus in space 
of the centre of pressure is a hyperbola. [I.] 


6. When the depth of the liquid is increased by an amount a the 
depth of the centre of pressure is found to increase by y, and when, 
instead, the depth of the liquid is increased by 6 that of the centre of 
pressure is found to increase by z. Shew that the depth of the centre 
of gravity of the area in the original state of the liquid is 


ab (b—a+y—z)/(az— by). 


7. A rectangular sluice-gate is placed in the vertical wall of a tank 
and is free to swing, so that its top edge moves outwards on a hori- 
zontal axis, which is distant a from the top edge and b from the bottom 
edge of the sluice. Shew (i) that, however great the depth of the water 
in the tank, the sluice will not open unless a be greater than 6, and 
(ii) that the sluice will open before it is completely immersed if a be 
greater than 2b. [M. T.] 


_ 8. Ifa square of side 2a is completely immersed in homogeneous 
liquid in a vertical plane with its centre at depth d, prove that the 
centre of pressure is vertically below the centre of the square and at 
distance a?/3d from it, whatever be the inclination of the sides of the 


square to the vertical. [M. T.] 
9. Find the centre of pressure of a regular hexagon of side a with 
one side in the surface. [M. T.] 


10. One wall of a tank slopes inwards from the bottom at an angle 
6 to the vertical and contains a triangular trap-door, of weight W, which 
is hinged about a horizontal side BC, has the vertex A lower than BC, 
and can open outwards. The vertical heights of the vertices above the 
bottom of the tank are a, b, b. Prove that, if water be poured into the 
tank to a height h so that the trap-door is entirely below the surface, it 
will remain closed provided that 


WwW. 
h<x,sin6+2(a+0), 


A being the area of the triangle and s the weight of unit volume of 
water. (M. T.] 


11. A parallelogram has the highest angular point in the surface of 
a liquid and one diagonal horizontal. Shew that the depth of its centre 
of pressure is ;4, of the depth of the lowest point. [I.] 


12. A parallelogram, whose plane is vertical and centre at a depth h 
below the surface, is totally immersed. Shew that if a and 6 are the 
lengths of the projections of its sides on a vertical line, then the depth 


: : a? + b? 
of its centre of pressure will be h+ 1th [I.] 
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13. A vessel contains three fluids of densities p, 2p and 3p. A triangle 
of area A is supported with one side in the surface of the fluid of density 
p and the opposite vertex in the fluid of density 3p. If 3h, 2h and h are 
the depths of this vertex below the upper surface of the three fluids, 
prove that, neglecting atmospheric pressure, the thrust on each face 
of the triangle is 4gpAh. 

Find also the depth of the centre of pressure. [M. T.] 


14. A quadrilateral is immersed vertically having two sides of 
lengths 2a, a parallel to the surface at depths h, 2h respectively. Shew 
that the depth of the centre of pressure is 3h/2. [M. T.] 


15. Shew that the depth of the centre of pressure of a trapezium, of 

which one side of length a is in the surface and the parallel side of 
: . a@+3bh 

length 6 is at a depth h, is a+ 2b 2? n 

atmosphere. [M. T.] 


eglecting the pressure of the 


16. A closed vessel is in the form of a right pyramid of height a, its 
base being a hexagon of side 2a and its slant faces six equal uniform 
1 
/3 
water. One of these triangles is hinged to the base along its lower edge 
about which it can turn freely. The vessel is placed on a horizontal 
board with this face closed and water is poured in from a small hole at 
the apex. Shew that this face remains closed, so long as the height y 

of the water satisfies the inequality 


at > 2y3 (2a—y). [M. T.] 


17. A rectangular hole in the vertical wall of a vessel containing 
water is closed by a plate secured along the top and bottom edges only, 
these edges being horizontal. The height of the hole from top to bottom 
is b and the water in the vessel rises just to the top edge of the plate. 
Shew that if there isno bending moment at the top and bottom edges, 
the maximum bending moment in the plate is at a distance b/,/3 below 
the water level and is of amount wb*/94/3 per unit width of the plate, 
w being the weight per unit volume of water. gt ata We 


isosceles triangles each of weight gpa®, where p is the density of 


18. The end of a horizontal pipe is closed by a sphere of the same 
radius a as the internal section of the pipe. The sphere is hinged to the 
pipe at its highest point. If the pipe is just full of liquid of density p, 
prove that the moment about the hinge of the liquid pressure on the 
sphere is gpzat. [M. T.] 


19. A cube, with edges of length 2a, is immersed in a liquid and has 
one edge in the surface and two faces through that edge equally inclined 
to the horizontal. Find the centres of pressure of all the faces. [M. T.] 


vy 20. The centre of a cube of edge 2a is at such a fixed depth h below 
the surface of liquid that the cube is completely immersed in any 
position. For any position of the cube in which two faces remain 
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vertical, P is the centre of pressure of one of the other faces. Shew that 
the greatest distance of P from the centre of the face is a?/34/(h? —a?). 
Atmospheric pressure is neglected. [M. T.] 


21. A tunnel, of rectangular section, of height h feet, is closed by a 
heavy uniform metal door, inclined at an angle « to the vertical, and 

_ swung on hinges along the roof of the tunnel. Shew that if the door is 
to open automatically just when the level of water in the tunnel rises to 
the roof, the weight per square foot of the door must be equal to that 
of 2h cosec « cubic feet of water. [M. T.] 


22. One end of a horizontal pipe of circular section is closed by a 
vertical door hinged to the pipe at the top. Find the moment about 
the hinge of the liquid pressure when the pipe is (1) full, (2) half-full of 
liquid. [I.] 


23. The axis of a cylindrical vessel containing liquid is inclined to 
the vertical at an angle «. Prove that the distance of the centre of 
pressure of the base from the centre of the base is r? tan «/4b, where r is 
the radius of the base and mr2b the volume of the liquid. (ae 


24. A circular flap, 2 feet in diameter, is used to close a hole in the 
side of a tank; it is kept in place by bolts at the highest and lowest 
points of the flap. Calculate the forces on these bolts when the water is 
5 feet above the top of the flap, taking the weight of a cubic foot of 
water to be 62:5 lb. [C.] 


25. A circular lamina of radius 1 foot is totally immersed in water 
with a horizontal diameter fixed at a depth of 3 feet. Shew that if the 
lamina be rotated about this diameter, the centre of pressure lies on a 
vertical circle of diameter 1 inch. [M. T.] 


26. A plane lamina consists of a circular disc (radius a and centre O) 
from which a circular portion (radius a/2 and centre P) has been cut. 
The lamina is completely immersed in a homogeneous fluid with its 
plane vertical and P vertically below O. If OP is equal to a/2 and the 
centre of pressure of the lamina is at O, prove that O is at a depth ta 
below the surface of the fluid. [M. T.] 


27. A hole in the side of a ship is closed by a circular door 5 feet in 
diameter hinged at the highest point and held inside against the water 
pressure by 4 fastening at its lowest point. If the highest and lowest 
points of the door are at a depth of 4 and 8 feet, shew that the least 
force exerted by the fastening must be 1-78 tons. [M. T.] 


28. A circular disc of radius a is completely immersed with its plane 
vertical in a homogeneous fluid. If h is the depth of the centre below 
the free surface of the fluid, prove that the distance between the 
centres of pressure of the two semi-circles into which the disc is divided 

by its horizontal diameter is 62a 4h? —1?)/(9?h? — 16a?). [M. T.] 
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29. A flat circular plate, of radius a, lies in a plane inclined at 30° to 
the horizontal, and is subjected to water pressure on one face. The centre 
of pressure is at a distance ;,a from the geometrical centre. Shew that 
the geometrical centre is at a depth 2a below the free surface of the 
water. (M. T.] 


30. A circular sector centre O and radius a, symmetrical about 
the radius OP, is completely immersed with P in the surface and OP 
vertical. Determine the depth of its centre of pressure. a 


31. Shew that, if a lamina totally immersed in fluid is a quadrant of 
a circle of radius a of which the centre is in the surface, the locus of 
the centre of pressure in the lamina lies on a straight line of length 


3ar/2 (4—2)/16. [I.] 


32. One edge of a regular tetrahedron is in the surface of water, the 
opposite edge being horizontal. Find in terms of the side the depths of 
the centres of pressure of the four faces. [C.] 


33. A square lamina is wholly immersed in a heavy homogeneous 
fluid with its plane vertical and one corner in the surface; if it be turned 
in its own plane about this corner, and is always immersed, shew that 
the locus of the centre of pressure in the lamina is a straight line. [I.] 


ANSWERS 


1968-75 lb. 2. 3334 Ib., 5834 Ib. 3. 49-5. 
581-28. On the bisector of AD and BC at a depth 153 feet. 
234/3 


At a depth 36° % 18. 83h. 
7a 


19. Vertical faces at depth 34/2) upper slant faces 4a from centre of 


face; lower faces 4a from centre. 


22. (1) $gpmat; (2) gpat G +5) » where a is the radius. 


Se a 


24. 564-5 Ib., 613-6 Ib. 

30. © St A zs 8 Si) & COS © where 2a is the angle. 
4 3o0—2sin « 

32. cab , where a is the side. 


a 
4/2? 2/2 


Chapter IV 


THRUSTS ON CURVED SURFACES, 
FLOATING BODIES 


4-1. The principle of Archimedes. When a solid is wholly 
or partially immersed in heavy fluid at rest the resultant thrust 
of the fluid on the solid is equal and opposite to the weight of fluid 
displaced by the solid and acts in the vertical line through the 
centre of gravity of the fluid displaced. 


To prove this theorem it is only necessary to observe that 
the resultant thrust of the fluid on the solid depends only on 
the shape of the solid and the position which it occupies and is 
clearly independent of the substance of which the solid is 
composed, and that the thrust of the fluid on all bodies which 
would exactly fill the same space would be the same. If then 
we imagine the solid to be removed and the space which it 
occupied to be filled up with fluid of the same kind as the sur- 
rounding fluid, this mass, which we may call ‘the displaced 
fluid’, would be in equilibrium under the action of its weight 
and the thrusts of the surrounding fluid upon it. Hence the 
resultant thrust of the fluid upon any solid which would fill the 
same space must be a force equal and opposite to the weight of 
fluid displaced and act upwards through the centre of gravity 
of the fluid displaced. This force is called the force of buoy- 
ancy, and the centre of gravity of the fluid displaced is called 
the centre of buoyancy. 


4-11. The theorem of 4-1 admits of extension to a solid 
immersed in a fluid in equilibrium under the action of any given 
external field of force. The thrust of the fluid on the solid would 
be the same as the thrust upon anything else which occupies 
the same space. But if the solid were removed and the gap in 
the fluid were filled up with fluid having thesame law of density 
as the surrounding fluid, this fluid which fills the gap would be 
in equilibrium under the action of the external field of force 
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and the thrusts of the surrounding fluid. Therefore the 
resultant thrust of the surrounding fluid must be equal and 
opposite to the resultant of the external forces upon the fluid 
which would fill the gap. 


4-2. To find the thrust on any surface exposed to the 
pressure of heavy fluid. If the surface be curved the resultant 
thrust may not be a single force, but we indicate how to find 
the vertical component of thrust and the component in any 
assigned horizontal direction. 

Let the surface on which the thrust is to be calculated be 
bounded by a curve PQRS. From every point of this curve 
draw vertical lines to meet 
the effective surface of the 
fluid in a curve P’Q’R’S’. 
These lines form a cylinder; 
and the only vertical forces 
on the fluid in this cylinder 
are its weight and the ver- 
tical component of the re- 
action of thesurface PQORS 
upon it, and in equilibrium 
these must be balancing 
forces. But the reaction of the surface is equal and opposite to 
the thrust of the fluid upon it. Hence the vertical component 
of the thrust of the fluid 
on the surface PQRS is 
equal to the weight of the 
fluid in the cylinder 

PQRSP'Q RS’ 
which may be described as 
‘the superincumbent fluid’. 

Wenotethat if the fluid is 
a liquid with an atmosphere | 
abovethe surface P’Q’ R’S’, 
the vertical component of 
the thrust on PQRS is the 
weight of liquid between 
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PQRS and P’Q'R’S’ together with the atmospheric pressure 
on P’Q’R’S’. 

When the fluid presses on the surface PQRS from below as 
in the second figure, the pressure at each point being due to 
the depth below the effective surface, it is clear that if we draw 
vertical lines as before to meet the plane of the effective surface 
in the curve P’Q’R’S’, then the vertical component of the 
upward thrust of the fluid on PQRS is equal to the weight of 
fluid which would fill the cylinder PQORSP’Q’R’'S’. 


We have already had an example of this result in 2°51 where it was 
seen that the upthrust of liquid on the slant sides of a cone full of liquid 
is 3gpmrh, and this is the weight of liquid which will fill the space 
between the cone and a circumscribing cylinder. 


4-21. Horizontal thrust. To find the component in an 
assigned horizontal direction of the thrust of heavy fluid on a 
surface PQRS, it is only 
necessary to draw hori- 
zontallinesin the assigned 
direction through every 
point of the boundary 
curve PQRS and take a 
vertical cross section 

POURS 

of the cylinder formed by these lines. Then the only horizontal 
forces acting on the fluid in this cylinder in the direction of its 
generators are the horizontal component in the assigned 
direction of thrust on the surface PQ RS and the thrust on the 
plane end P’Q’R’S’, and in equilibrium these forces must 
balance one another. Hence the required component of thrust 
is equal to the thrust on P’Q’ R’S’; i.e. the area of this figure 
multiplied by the pressure at its centre of gravity. 


4-22. Whenever a curved surface exposed to the pressure of 
heavy fluid is bounded by a plane curve we can find the thrust 
on the curved surface in the following way. Consider the 
equilibrium of the fluid enclosed by the given curved surface S 
and a plane boundary A. The resultant thrust of the surround- 
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ing fluid on S together with its thrust on A must together 
balance the weight of the fluid enclosed by S and A. Hence by 
calculating the weight of the enclosed fluid and the thrust on 
A (its area multiplied by the pressure at its centre of gravity) 
the thrust on S can be found. 


4°23. Examples. (i) A hemispherical bowl whose mass 1s 100 grams 
is placed with its rim downwards on a horizontal plane which tt fits closely. 
Water is poured into the bowl through 
a hole in the curved surface. Find 
the height in centumetres at which the 
water must be in the bowl in order that 
the bowl may be lifted and the water 
begin to escape between the plane and 
the bowl. [M. T.] 


Let a be the internal radius of the 
bowl and h the required height of the 
water. 

The volume of water required is 


h Bows 
[mpac=f a (a? —x?) dx=m(a*h— th’). 
0 0 


But the volume of a cylinder of height h on the same base is wa*h, 
therefore the volume between the spherical water surface and this 
cylinder is 37h’, and by 4°2 the upward thrust on the hemisphere is 
equal to the weight of this volume of water, i.e. 47h® c.c. of water. 


Therefore 47h? = 100 
or h=(300/z)3. 
By using logarithms we find that h=4-57 em, 


(ii) A hemispherical surface of radius a is immersed in liquid of 
density p with its centre at a depth h and its base inclined at an angle 6 to 
the horizontal. Find the resultant thrust on the surface. [M. T.] 


Let X, Y be the horizontal and vertical components of the required 
thrust on the curved surface. 
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The thrust on the plane face of the hemisphere is gp7a2h and the 
weight of liquid it contains is 3gp7a%. Since these four forces are in 
equilibrium, we have by resolving horizontally and vertically 


X =gpz7a*hsin 0 


and Y =gpza*h cos 0+ 3gp7a’, 
h 
x 
ia cian gpriazh 
Fgpria? 


Hence the resultant thrust is 
(X24 ¥?)3 = gpa? {h? + 4a? + 4ah cos 634. 
If the curved surface of the hemisphere be taken to be uppermost 
the last term in the result will have a minus sign. 


(ii) A portion of a sphere cut off by two planes through its centre 
inclined to each other at an angle 1/4 is just immersed in a liquid with one 
face in the surface. Find the re- 
sultant thrust on the curved surface 
and shew that it makes an angle 
tan (7/2—1) with the horizontal. 

[M. T.] 


Let ACB, ADB be the plane 
faces, the former being in the sur- 
face of the liquid. Let the resultant 

‘thrust R on the curved surface 
make an angle § with the hori- 
zontal. Let a be the radius of the 
sphere. The centroid of the semi- 
circle ADB is at a distance 4a/3m 
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from the centre.* Therefore the thrust P on the plane face ADB ~ 

is equal to 4a -2 
2. 

Again the volume of the ene solid bears to the volume of 


2 goat. 


the whole sphere the ratio Ti 2a so that the volume ABCD is ta*;f 


and the weight of liquid displaced is }gpza?. But this force of buoyancy 
is the resultant of R and P. Therefore 
R cos §= P cos (7/4) = $9pa* 


and Rsin 6=tgpra3 — P sin (7/4) =4gpra* — tgpa*; 
so that R=tgpai (x? —47+4+ 8)8 
and tan 6=7/2—1. 


4-3, Conditions of equilibrium of a floating body. When 
a body floats freely wholly or partially immersed in a fluid the 
only vertical forces acting on the body are its weight and the 
force of buoyancy (4-1), and the necessary and sufficient con- 
ditions of equilibrium are that these two forces should be equal 
and opposite and in the same straight line. From 4-1 it follows 
that the weight of the body must be equal to the weight of 
fluid displaced by it and the centres of gravity of the body and 
of the fluid displaced must be in the same vertical line. 


4-31. When a solid of mean density p floats in a fluid of 
density p’(>p) only the fraction p/p’ of the volume is im- 
mersed. For if V denotes the volume of the solid and V’ that 
of the fluid displaced, since their weights are equal, 

gp'V' =9pV 


or Vie v, 
P 


The solid clearly cannot float if p> p’. 


4-32. When a body floats partly immersed in one fluid and 
partly in another (e.g. in water and air), the weight of the body 
is equal to the total weight of fluid displaced, and the centres of 
gravity of the body and of the whole fluid displaced are in the 
same vertical line. 

* Statics, p. 169. 

{t The volume may also be found from the theorem of Pappus 


(Statics, p. 176), since it is traced by the area ACB turning about AB 
through an angle 7/4. 
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4-33. Bodies floating under constraint. 


(i) One point fixed. Let a floating body be free to turn about 
a fixed point O. Let W, W’ be the weights and G, G’ the 
centres of gravity of the body and the fluid displaced. It is 
clear that the horizontal thrust of the fluid on the body in any 


direction is zero. This can be proved by projecting the boun- 
dary surface of the part immersed on to a vertical plane 
perpendicular to an assigned direction as in 4-21, when op- 
posing parts of the surface will be seen to contribute equal and 
opposite forces in the assigned direction. Alternatively, if the 
horizontal thrust were not zero a freely floating body would 
have a horizontal acceleration. 

Hence the only forces acting on the body are its weight W 
acting through G, the force of buoyancy W’ acting through G’ 
and the reaction at O. Since W and W’ are vertical, the reac- 
tion at O must be vertical and the three must be coplanar. 
Hence it is necessary that the points O, G, G’ should lie in a 
vertical plane, and the moments of W and W’ about O must 
balance; i.e. in the figure 


W.OL=W’.OL’. 


(ii) Two points fixed. When two points O, O’ in the body are 
fixed, this is equivalent to fixing a line in the body, and the 
necessary and sufficient condition of equilibrium is that the 
moments about this line of the weight of the body and the 
force of buoyancy must be equal and opposite. 


RH fs 
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4°34, Examples. (i) A thin uniform wooden rod AB is inequilibrium 
in an inclined position with one end AC immersed in a bowl of water and 
one point D supported on the edge of the bowl. Shew that the specific gravity o 


AC 2AD—AC . 
Pru AGA pire Ala ed ti the length 
of the wood is AB SAD—AB’ and that the greatest fraction of gt 
of the rod which can remain immersed is 1—+/(1—<«). [M. T.] 


The distances from D of the centre of gravity G and centre of buoy- 
anny H are @D=AD-}4AB 
and HD=AD-—}3AC; 
and the weight of the rod and the force of buoyancy are proportional 
to cAB and AC, Hence by moments about D 
cAB(AD—4AB)=AC(AD-}3A0), 


_ACG 2AD-—AC a) 
[ahha DAD we eee cece rereseveeececece . 


In the figure the part DB of the rod has a moment about D tending to 
lift the rod out of the water, so the length immersed will be greatest 
when A Dis greatest,i.e. when Bis at D. Thenif AC=2A B, wherex<l, 
(1) becomes 


or 


o=x(2—-2), 
so that 1—o=(1—2@)?, 
and therefore w=1-—1/(1—<). 


(ii) A prism of square section floats in water with its long edges hori- 
zontal and the centre line of one of tts faces hinged to an axis fixed in the 
surface of the water. Shew that, if the specific gravity of the prism is 32 , the 
opposite face of the prism will be } immersed. i RS)| 


Let ABCD be the central vertical section of the prism meeting the 
line of the hinge at O and the water surface at O and ZH. Let OGF be 
parallel to AB, G the centre of gravity of the prism, H and H’ the 
centroids of the figures ODCF and OF E. Let a be aside of the square. 
Then the projection on the horizontal of OG is 4acos 6, of OH is 
3a cos 6 — fasin 6, and of OH’ is (OH+ OF cos 8), i.e. 4a (sec 6+ cos 6). 
Hence, by equating the moments about O of the weight of the prism 
and the force of buoyancy, we get 


$a? , 3a cos 0 = 3a? (Za cos 0 — Zasin 6) + 4a* tan @. 4a (sec 6+ cos 6), 
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or Yes =4 (2—tan 0) +4 tan 6 (tan? 6+ 2); 
i.e. tan? 6+ $tan @—24=0. 


This equation has one positive root tan =}, and for this value 3 of 
the face BC is immersed. 


(ili) A uniform cube of specific gravity s floats in water with two of its 
faces vertical and one specified edge above the water, the other three hori- 
zontal edges being immersed ; shew that if s lies between 23 and 3, there are 
three positions of equilibrium. 

Prove that, if s = 33, the cube can float with two of its faces inclined to 
the vertical at an angle tan—1 1-4, [M. T.] 


Let ODCE be the vertical central section cutting the water surface 
in AB. Let a denote an edge of the cube. Take OD, OF as axes of x and 


y. Then if G is the centre of the cube, H the centre of buoyancy and 
H’ the centroid of the triangle OAB, the points H’, G, H are in a 
vertical line. 

Also if the angle OAB is 0, and OA=c, the coordinates of H’ are 
4c and ictan 0, and those of G are 4a, $a, so that the gradient of H’G 


4-2 
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is eee , and expressing the fact that this line is at right angles 
to AB gives 3a —2ctan 0 _ cook 
8a-—2c¢ - 


which, on reduction, gives 
tan@=1 or (80—2¢)/26 ..cce.ceseeesnnn CL): 
The first value corresponds to a position of equilibrium in which the 


diagonal OC is vertical. 
The further condition for floating in the general position is 


sa? =a? — 4c? tan 0, 


and, substituting the second value for tan @ from (1), we get 


= 2 
pee 3ac : 2c 
or 262 — Bac + 4a? (1 —s)HO) ...esccrseccscesesss (2), 
Ath: 3a + a4/(32s — 23) 
giving c= v Z : 
For real roots in c, we must have 


and for neither root of c/a to exceed unity, we require 
4/ (32s — 23) <1, 
or s<i. 

Consequently when s lies between 33 and # there are three possible 
positions of equilibrium which satisfy the condition that one edge only 
is above the surface. 

Again when s= ;%°;, the roots of (2) are {a and 8a, and substituting 
in (1), we get tan 6 =? or {, so that in either case two faces are inclined 
to the vertical at an angle tan“! 1-4. 


(iv) A solid uniform hemisphere of radius a and density o can turn 
about O, the centre of its base. The point O 1s fixed in the surface of a liquid 
of density p. Shew that for a certain value of p/o, the hemisphere will rest 
im any position. 

If the hemisphere 1s completely immersed with its centre fixed and is 
kept at rest with us base vertical by means of a couple, determine, for any 
values of p and a, the reaction at the centre and the moment of the couple. 

[M. T.] 

For the solution of this problem we need to know the position of the 
centre of gravity of a solid lune of a sphere, i.e. a portion cut out by two 
planes ACB, ADB passing through the same diameter AOB. 

The centre of gravity H by symmetry lies in the plane COD at right 
angles to the diameter AB, and on OF the bisector of the angle COD. 
Let a be the radius of the sphere and 2« the angle between the planes 
ACB, ADB. Let the lune be divided up into slices by planes parallel 
to COD, such as PMR. If the angle ROM is 0, then PMR is a sector 
of a circle of angle 2« and radius MR =asin 6; and the centre of gravity 
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of the sector is on its central radius MQ at a distance 2asin jose 
from M.* A i 
Then if OM =z, the thickness of aslice is dz and 
its area is «a? sin? 9, so that OH is given by 


OH |” «a? sin? @dz M 
=|" aa*sin® 9. Rasin 0" de, 


But z=acos 6, so that dz= —asin 6d6, and 


OH [ise odo=3a ne I "sin 06, 
0 


giving OH = na" sae one (1). 


Now let ANBD be the base of the hemisphere, AB the diameter in 
the surface of the liquid and ACB the section made by that surface. 
The centre of gravity G of the hemisphere lies on its central radius OF 


D 
and OG=3a. Let OF make an angle @ with the horizontal. Then the 
lune immersed is of angle 2«= COD= 37+ 6, and its volume is 4a3a. 

Taking moments about O for the weight and 
the force of buoyancy, we get 

2go7a* . OG cos 0= 4gpaa’. OH cos «; 

or from (1) 
a sin % COS % 


2go7a* . 3a cos 0=4gpaa*. fem A 


> 


ie. ocos@=psinacosa=tpsin 2a=4pcos 0. O 


It follows that if p= 2c, equilibrium is possible 
in any position. 

When the hemisphere is completely immersed 
with its centre O fixed and its base kept vertical, 
G and H coincide, and the weight ?go7a* and 

* Statics, p. 169. 
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the force of buoyancy 3gp7a*, have a resultant 3g(p—o) 7a* acting 
upwards at G@ (taking p>o). The only other force acting on the 
hemisphere is the reaction at O, so that to maintain equilibrium the 
reaction at O must be a vertical force 3g (p — c) 7a, and there must also 
be a couple of moment 3g (p— a) 7a8 x 3a=49 (p—a) ma4. 


4°35. Floating cones. In problems on floating right circular cones 
it is necessary to know how to calculate the volume cut off by a plane 
oblique to the axis. 

Let a plane at a distance c from the vertex O cut the cone in an ellipse 
of major axis AA’ and make an angle 47— 0 with the axis of the cone. 
Let 2a be the angle of the cone. Let the perpendicular from O meet 


AA’ in N, and let M, M’ be the projections of A, A’ on the axis of the 
cone. Let a, 6 be the semiaxes of the ellipse. 


Then a=}(AN-A’N) 
= $c {tan (9+ a) —tan (@—«)} 
= csin 2x 
2 cos (6+) cos (@—«) * 
It is proved in books on the geometry of the cone that 
b=/(AM.A’M’) 
=/(0OA.OA’).sin« 
csin % 


~4/{cos (8+ a) cos(O—a)}* 
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Therefore the area of the ellipse is 
mab = mc? sin? « cos «/{cos (6 + «) cos (8 — a)}2, 
and the volume cut off from the cone 
= 4nc* sin? « cos «/{cos (8 + «) cos (8— «)}2. 
4°351. Example. Shew that a right circular cone of density p and 


semiangle « can float vertex downwards in a liquid of density o with one 
generator vertical and the base just clear of the liquid of 


p=a(cos Qa)%, 


Let OAB be the cone, OB a vertical generator, C the centre of the 
base; and let the surface of the liquid cut the cone in an ellipse of major 


O 


axis AD and centre EZ. Then the centre of gravity G of the cone is on 
OC and such that OG = 30C,* and the centre of buoyancy H or centre 
of gravity of the cone OAD is on OF and such that OH =30EH. Hence 
HG is parallel to £ C; but since H, C are the middle points of DA and 
BA, therefore EC is parallel to DB which by hypothesis is vertical. 
Therefore HG is vertical so that one of the conditions for floating in this 
position is satisfied. 
Again from 4°35 the volume OAD 
= 170 D? sin? « cos «/(cos Qa)3; 
and the volume of the right circular cone OAB 
= 4r0A' sin? « cos a; 

hence for equilibrium 

p- 470 A$ sin? «cosa=c. 470 D* sin? « cos «/(cos Qa)? 
But OD=OA cos 2a, 


so that the condition becomes 
p=a(cos Qe)? 


* Statics, p. 165. 
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4-4, Potential energy of a liquid. A mass of liquid under 
the action of gravity may be considered to possess potential 
energy in virtue of its position, like any other material body.* 
If the liquid be frictionless then in any change of configura- 
tion which takes place so slowly that kinetic energy may be 
neglected, a loss of potential energy will be equal in amount 
tothe work done by gravitational forces and a gain in potential 
energy will be equal to the work done by some external agent in 
overcoming gravitational forces. The internal pressures in the 
liquid belong to the class of ‘internal forces’ which on the whole 
contribute nothing to the work done in such a displacement. 

Assuming that the principle of virtual work is applicable in 
such a case, it follows that in a position of equilibrium the 
potential energy is stationary in value. Further, since in an 
initial motion there is always a decrease of potential energy, 
liquid under gravity always descends to the lowest level 
available to it. 


4°41. Example. A cylindrical piece of wood of length l and sectional 
area « ts floating with its axis vertical in a cylindrical vessel of sectional 
area A which contains water. Prove that the work done in slowly pressing 
down the wood until it is just completely immersed is 
agal? (1 —«/A)(p—«)?/p, 
where p and o denote the densities of the water and the wood. [M. T.] 


(ii) (iii) 


Figs. (i) and (iii) represent the initial and final configurations and 
fig. (ii) an intermediate configuration. 
Initially the length /’ immersed is given by 


pes BP OO oie, eae ee (1). 
* Statics, p. 211. 
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In fig. (ii) the block has descended a distance x displacing a volume 
Ay of water which raises the level of the water in the cylinder through 
a height y given by (A—a) y=a2, 

y ev _xet+y 
Co} He sn 
r == ect oye eee ee oe (2). 
In this position the force of buoyancy is 
gpx(etyt l’), 
and since the weight of the body is goal, which by (1) =gp«l’, therefore 
there is a resultant upthrust equal to 
gpx (% + Y) 
or gpxAa/(A—«). 

To increase the downward displacement by anamountdz,anexternal 

agent will therefore have to do work equal to 


gpxAxda|/(A—«). 
To reach the configuration of fig. (iii), « must increase until 
BEY AV HNL... recesesecencccrcroeceeees (3), 


or, from (1) and (2), alee (1-2), 
= p 


ie. 2=1(1-$) (1-2) OR One 4). 
s\(-2 (4) 


Denoting this value by wv’, the total work done 


_ gptA [* , _lgptA i. 
=. cheap emp 


eee) paiees (p—a)! 
= 4gal (1 5) P ° 
Alternatively we may obtain the result by a comparison of the 
potential energies in configurations (i) and (iii). Thus, if in (iii) the solid 
has descended a distance x’ and the water level has risen a distance y’, 
then x’, y’ satisfy (2) and (3) and 2’ is given by (4), and a weight gpaa’ 
of water has had its centre of gravity raised through a height 
1-3(a'+y'), 
so that there is a gain of potential energy 
; gpa’ (l— $a’ — hy’), 
which from (1), (3) and (4) is equal to 


2 
Lgpal? (1-4) (1-5). 
29p A p? 


But the solid of weight goul has descended through a distance x’ and 
therefore has lost potential energy of amount 


ee al*(1 -4) (a -°). 
go go A p 
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Consequently the net gain of potential energy or the external work done 


= 4ypal? (a -4) (a -2), 


4.5. Determination of specific gravity. We do not propose 
to discuss the different methods adopted in laboratories for 
the determination of specific gravities, but only to call atten- 
tion to the fact that the Principle of Archimedes provides a 
method. The specific gravity of a substance being the ratio of 
the weight of a measured volume of the substance to the weight 
of an equal volume of a standard substance, say water, the 
fact that a solid immersed in water is subject to an upward 
force equal to the weight of the same volume of water suggests 
the following procedure: 


(i) Neglecting the weight of air displaced. Let W be the weight 
of a body A when weighed in air and W’ its weight when 
suspended immersed in water. Then the apparent loss of 
weight W—W’ is a measure of the weight of water displaced, 
so that the specific gravity is W/(W —W’). 

If the body does not sink in water, it can be made to sink by 
attaching to it a sufficiently heavy body B of weight w in air 
and w’ in water; then if the joint body 4+ B weighs W in air 
and W’ in water, the weight of A alone in air is W —w and in 
water W’—w’, so that the specific gravity of A 


=(W—w)/(W-—w—W’'+w’). 


as before. 


(ii) Taking into account the weight of the air displaced. We 
must assume that the specific gravity of the air is known to be 
p and let o be the required specific gravity of the body, whose 
apparent weight in air is W and in water is W’. 

If V denotes the volume of the body, we have 


W =goV —gpV 

and W’=goV —gV, 
W _o-p _W-W'p 
so that We eat: and CS ey 


In general if the weight in vacuo of a body of specific gravity 


> 
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o is W, then its effective or apparent weight in air of specific 
gravity pis W (1 -£) : 
o 
Methods for the comparison of the specific gravities of 
liquids can be devised by the weighing of equal volumes of the 


liquids, or by weighing in the liquids a solid of known weight 
in air or vacuo. 


4°51, Example. A graduated glass vessel in the form of a cylinder 
with vertical walls contains water to a height of 20 cm. from the bottom. 
A body weighing 20 gm. is placed in it and floats, and the water level rises 
to 24 em. The body is then completely submerged, the water level rising 
to 25 cm. Find the mean specific gravity of the body, the force required 
to submerge it, and the volume of water in the vessel. [M. T.] 


If the area of the base = A cm.?, 
the whole volume of water = 20A c.c. 
But 24A c.c.=volume of water + immersed volume of solid 
and 265A c.c.=volume of water + whole volume of solid. 
Therefore the immersed volume of the solid=4A c.c. 
and the whole volume of the solid = 5A «.c. 


Therefore the mean specific gravity of the solid=#=0°8. 

But the solid weighs 20 gm., therefore when submerged it displaces 
20/0-8 = 25 gm. of water, so that the force necessary to submerge it is 
the weight of 5 gm. 

Again the weight of 4A c.c. of water = weight of solid = 20 gm.; 


therefore A=5 cm.?, 


and the volume of water is 100 c.c. 
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EXAMPLES 


1. The bottom of a glass is a circle of an inch diameter, the side 
forming a portion of a right circular cone of semi-vertical angle 30° 
with vertex downwards; the glass is filled to a height of 6 inches with 
water; find approximately in ounces the resultant pressure on the side 
of the glass, having given that a cubic foot of water weighs 1000 oz. [I.] 


2. The stem of a funnel has a radius a and its mouth has a radius b: 
the height of the stem is A and that of its sloped part is 1. The mouth is 
placed on a horizontal plane, being greased so as to be water-tight: if the 
funnel is then filled with water to the top of the stem, prove that the 
upward pressure on the funnel will be equal to 


mw (b—a) {h(b+a) + 31 (a+ 2b)}, 
if w is the weight of unit volume of water. [C.] 


3. A hollow spherical vessel is formed by two hemispherical cups 
joined together. The vessel is placed with the plane of the join hori- 
zontal, and contains liquid to a height h above this plane. Shew that 
the pressure of the liquid produces a force tending to lift the upper 
hemisphere from the lower proportional to h’, but independent of the 
radius of the vessel. [M. T.] 


4. A vessel in the shape of the greater segment of a sphere of radius 
a cut off by a plane distant c from the centre rests with its base on a 
table, and a vertical tube is fitted at the highest point. If the segment 
is just filled with water, shew that the thrust on the curved surface will 
be an upward force if c<a/2; and that, if c>a/2, the thrust can be 
made an upward one by pouring water into the tube. [M. T.] 


5. A hemisphere of radius a is immersed in a liquid of density oc. 
The plane of the base is vertical and its centre at a depth a1/5 below 
the surface. Shew that the resultant force on the curved surface is 
Troga?/3, and that its direction makes an angle @ with the horizontal, 
where tan 6 = 2/\/45. Maal 


7/6. A solid hemisphere (of radius a) is held in liquid with its centre 
atadepthh, Find the magnitude, direction and position of the resultant 
thrust (i) on the plane face, (ii) on the curved surface, when the plane 
face makes an angle 0 with the vertical. Find also for what values of @ 
the magnitude of the latter resultant is greatest and least. [I.] 


7. Aspherical shell formed of two halves in contact along a vertical 
plane is filled with water; shew that the resultant pressure on either 
half of the shell is 44/13 of the total weight of the liquid. ial 


8. A hollow sphere is just filled with heavy homogeneous liquid, so 
that the pressure at the highest point vanishes. Find the resultant 
pressure on the lower hemisphere cut off by any central plane; and 


= 
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shew that as the plane varies, the locus in space of the intersection of 
the line of action of the pressure with that of the weight of the liquid 
in this hemisphere is a hemisphere of radius % that of the given sphere. 

[M. T.] 


9. A solid octant of a sphere is immersed in water with a plane face 
in the surface; prove that the resultant pressure on the curved surface is 


8 : : 
(1 + =) times the weight of water displaced by the octant. [ELE] 


10. An octant of a sphere is immersed with one plane side in the 
surface of the liquid; shew that the depth of the centre of pressure for 


the curved surface is —"~— , where ais the radius of the sphere. [I.] 


(n2+8)2° 
11. A right cylinder with closed circular ends is filled with water 
and held in any position. Shew that the resultant thrust on the curved 
surface bisects the axis at right angles. [M. T.] 


WA solid in the form of an oblique circular cylinder is totally im- 
mersed in a homogeneous liquid with its ends horizontal. Shew that 
the resultant pressure on its curved surface is a couple of moment 
Wdcot«, where W is the weight and d the depth of the centre of gravity 
of the liquid displaced and « the inclination of the generators to the 
planes of the ends. [I.] 


13. A right cylinder of any form is completely immersed with its 
parallel plane ends inclined at an angle « to the horizontal. Shew that 
the resultant thrust on the cylindrical surface is sin « x the weight of 
the displaced liquid, and determine the line along which it acts. [I.] 


14. A surface in the form of a quarter of a circular cylinder of radius 
a and axial length b is immersed in a fluid of density p with its axis and 
one edge in the free surface. Neglecting atmospheric pressure, shew 
that the resultant pressure of the fluid on the curved surface is 
0-93gpa%b and is inclined at 32-5° to the vertical. [M. T.] 


15. A right circular cone (height h cm., radius of base a cm.), im- 
mersed in water so that its axis is in the free surface, is bisected by a 
vertical plane. Taking V for the vertex, C for the centre of the base, 
ACA’ and BCB’ for the horizontal and vertical diameters of the base, 
prove that the pressures on the curved surface of one half of the cone, 
bisected as above stated, are equivalent to three forces, as follows: 

(1) A force equal to the weight of ;;7a*h c.c. of water, acting vertic- 
ally upwards in a line $/ cm. from AC and a/7 cm. from VC. 

(2) A force equal to the weight of }a*h c.c. of water, acting paralle 
to AC ina line distant 4a cm. from VC and th cm. from BC. 

(3) A force equal to the weight of 4a* c.c. of water, acting parallel 


to VC ina line distant 3a cm. from BC and ,’;7a cm. from AC. 
[M. T.] 


| 
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16. A solid right circular cone of vertical angle 2« is just immersed 
in water so that one generator is in the surface of the liquid; prove that 
the resultant pressure on the curved surface of the coneis to the weight of 
the fluid displaced by the cone as 1+ 3sin?«: 1, and that it is inclined 
to the axis of the cone at an angle cot-1 (2 tan «). [I.] 


17. A cone, whose vertical angle is 2a, has its lowest generator ~ 
horizontal and is filled with liquid; prove that the resultant pressure 
on the curved surface is \/(1+ 15 sin? a) times the weight of the liquid. 


18. A vessel in the form of an oblique cylinder with its base hori- 
zontal contains two liquids of densities p, « (o>p) of equal depth h. 
Prove that the thrusts of the liquids on the curved surface are equi- 
valent to a couple of moment 


4Wheota (3p+0)/(p+a), 
where W is the total weight of liquid, and « the inclination of the axis of 
the cylinder to the base. [M. T.] 


19. A rectangular block whose edges are of lengths 2a, 2b, 2c is 
divided by a plane through the centre perpendicular to the edges of 
length 2c, and the two halves are hinged together along edges parallel 
to those of length 2a. The whole is then immersed in a liquid with the 
line of hinges inclined at an angle @ to the horizon and the dividing 
plane vertical, the hinges being in the upper face. Prove that the two 
halves will not separate unless 


{(1—o/p) c? — 267} cos 6 > 2bd, 
where d is the depth of the centre of gravity of the block, o the density 
of the block and p that of the liquid. Ba a 


Two closely fitting hemispheres made of sheet metal of small 
uniform thickness are hinged together at a point on their rims, and are 
suspended from the hinge, the rims being greased so that they form a 
water-tight spherical shell; this shell is now filled with water through 
a small aperture near the hinge; prove that the contact will not give 
way if the weight of the shell exceeds three times the weight of water 
it contains. [M. T.] 


21. A surface bounded by a vertical lime AB, two equal but not 
parallel straight lines BC, DA of length a, and a line CD drawn on the 
surface of a cylinder whose axis is AB and radius a, is in contact with 
a liquid of density o; prove that the moment about AB of the resultant 
thrust is dgoa? (k?~h?2), 


where h, k are the depths of BC and DA. [T.] 


22. A hemisphere, totally immersed in a homogeneous fluid, rests 
with its plane base in contact with a rough fixed inclined plane. Shew 
that the reactions between the plane and the hemisphere are equi- 
valent to the following forces, viz. a force 4wha normal to the base and 
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a vertical force 4wac, both acting at the centre, and a third force equal 
to the weight of the body acting at its centre of gravity; where ais the. 
area of the curved surface of the hemisphere, h the depth of its centre, 
aits radius and w the weight of a unit volume of the fluid. [M. T.] 


23. A given mass weighed in air on a spring balance indicates a 
weight W, it is then compressed to 1/nth of its former volume and 
appears to weigh W’; find its weight in vacuo. [M. T.] 


24. Aship sailing from a fresh-water river into the sea rises 8 inches, 
and on then taking extra cargo on board she sinks 6 inches. The 
original displacement was 1000 tons; shew that the extra cargo weighs 
18 tons, taking the specific gravity of salt water to be 1-024. [I.] 


25. An iron spherical shell is found to lose half its weight when 
weighed in water. If the external diameter is 24 inches, determine the 
thickness of the metal. [Specific gravity of iron=7:2.] 


26. A nugget of quartz and gold weighs 13 oz. in air and 9 oz. im. 
water; taking the specific gravities of quartz and gold to be 2-6 and 
19-5 respectively, find the weight of the gold in the nugget. 


bi A piece of wax of weight 26-65 grams is tied to a piece of copper; 
the weight in water of the combination is 8-2 grams. If the weight of 
the copper in water is 10-25 grams, determine the specific gravity of 
the wax. 


28. A uniform rod has a weight attached to one end to make it float 
upright in liquid. If 3 inches of the rod is immersed, when it floats in 
water, and 3-5 inches when it floats in a liquid of specific gravity 0-9, 
what length of it will be immersed when it floats in a liquid of specific 
gravity 1-2? 


29. A uniform hemispherical shell containing liquid can turn freely 
about a horizontal axis which passes through two fixed points in its 
rim, and when it is in equilibrium, the liquid being about to run over, 
the plane of the rim makes an angle of 45° with the vertical. Shew that 
the ratio of the weight of the shell to the weight of liquid which would 
fill the shell is 2c (1 — 5/4»/2)/(a@— 2c), where a is the radius of the shell 
and c the distance of the axis from the centre. (M. T.] 


30. The end A of a thin uniform rod AB of length J, mass m and 
density p is attached by a smooth hinge to a point on the base of a 
vessel containing liquid of density o, and o> p. The surface of the liquid 

-is at a height z above A. Shew that, when z?>/?p/c, the rod can rest 
only in a vertical position. Shew that, when 0<z?</?p/o, the reaction 


of the hinge is mg (0 —¥V/ p)/V/ p- [M. T.] 
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a4 A cubical box, open at the top and with edges of length a, con- 
tains water to a depth b. Find the magnitude and line of action of the. 
resultant of the pressures on a side due to the atmosphere and the water. 

A body of weight W is then placed in the water and floats without 
causing any water to overflow. Prove that the pressure on a side is 


increased by oy, 
is 6 sd a , 
where W’ is the weight of water that would fill the cube. [I.] 


32. A semicircular lamina has one of the ends of its diameter 
smoothly hinged to a fixed point above the surface of a liquid, and 
floats with its plane vertical and its diameter half immersed. If the 
inclination of the diameter to the horizon is $7, prove that the ratio of 
the density of the liquid to that of the lamina is 


4(34—4):90—8. [M. T.] 


33. A uniform log whose cross-section is a square floats horizontally 
with one edge in the surface and one edge above the surface of homo- 
geneous liquid. Shew that the ratio of their specific gravities is as 3 is 
to 4. [M. T.] 


34. Two smooth heterogeneous hemispheres of equal weights placed. 
base to base form a sphere whose centre of gravity is at its centre; 
shew that this sphere will remain at rest in any position wholly im- 
mersed in homogeneous liquid, whose density is equal to the mean 
density of the sphere, without the two hemispheres separating. [M. T.] 


35. Two liquids, of densities p and o, which do not mix, are con- 
tained in a vessel consisting of two vertical cylinders of cross-sections A 
and B, connected at their lowest parts by a horizontal tube. The free 
surfaces are respectively at heights a and 6 above the bottom, and 
a>b.A piece of wood of volume v and density 0 (intermediate between 
p and oa) is dropped (1) into the A cylinder, (2) into the B cylinder. 
Find the changes in the levels of the free surfaces in each case. [M. T.] 


36. A sphere of radius a and mass JM is loaded so that its centre of 
gravity G is at a distance c from its centre O, and is suspended by a 
string attached to a point P of its surface, GP subtending an angle @ 
at O. The sphere is partly immersed in liquid of density p and the 
tension in the string is M’g. Shew that the depth h of O below the 
surface of the liquid is given by 

M —M’=4np(a+h)? (2a—h), 
and that the inclination of GO to the vertical is 
M’asin 6 
—h 
fen Mc—M’acos 6° iM. 2 

37. Toone end ofa thin rod floating horizontally in water is attached 
a string by which the rod is slowly raised from the water. Shew that, 
until the vertical position is reached, the tension of the string remains 
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constant; and that the work done is then as , where |, w, 3 are 
the length, weight and specific gravity of the rod. [M. T.] 


38. A rod of length a, weight w, and specific gravity (<1) has a 
particle of weight W and specific gravity s’(> 1) fastened at one end; 
| find the value of W so that the rod can rest at any inclination to the 

vertical, with a length a+/s under water. ‘[C.] 


39. A cylindrical vessel (A), the area of whose cross-section 1s 
« cm.2, is placed with its base on a horizontal table. An iron cylinder (B) 
whose height is H em., and specific gravity 7-5, and the area of whose 
cross-section is 8 cm.®, rests with its axis vertical on the bottom of A. 
Mercury (specific gravity 13-5) is now poured into A to a depth h cm. 
Shew that B will not rise so long as 5H > 9h. Water is now poured into 
A until B is immersed. Shew that B will have risen a height 


(1— B/«) (h —13H/25) cm., 
provided that this expression is positive. [M. T.] 


40. If a uniform prism of triangular section floats freely with one 
edge in the surface of the water, prove that the opposite face must be 
vertical. [I.] 


41. A uniform prism, whose cross-section is an isosceles triangle of 
vertical angle 2c, floats freely in a liquid with its base just immersed, 
one edge being in the surface; shew that the ratio of its density to that 
of the liquid is 2 sin? «. [M. T.] 


42. A prism, of which the central cross-section is the triangle ABC, 
has its edge through A horizontal, and is freely movable about this 
edge which is above the surface of a liquid. The edge through C is 
below the surface, and AB is horizontal. If the volume immersed be 
22 of the whole volume, shew that the ratio of the density of the prism 
to that of the liquid is 


2{3b cos A +A(c— 2b cos A)}:¢+b cos A. {I.] 


43. The cross-section of a uniform prism is an equilateral triangle, 
and the prism can turn freely about a horizontal axis through the 
centroids of its cross-sections, which is fixed in the surface of the water. 
Prove that the couple required to maintain equilibrium in any position 


is of moment AaW sin 0 cos? §(1—4sin? @) 

9/3 (3 —4sin? 6)? F 
where a is the length of a side of the cross-section, W the weight of a 
volume of water equal to that of the prism, and @ the angle which the 
plane through the axis and the single edge of the prism above or below 
the surface makes with the vertical. [M. T.] 


44, Asolid cube made of uniform material can turn freely about one 
edge which is fixed in the surface of water; prove that if the cube rests 


“RH 5 
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with the face which is not immersed inclined at an angle of 30° to the 
horizon, the density of the cube is to that of water in the ratio 


25 —74/3: 18. [M. T.] 


45. A thin-walled hollow cone. of weight W, floats with its axis 
vertical (vertex upwards) in a fluid of density p, being sustained by the 
buoyancy of the contained air. The angle at the vertex is 90°, and the 
water level (outside the cone) is midway between the vertex and the 
surface of the water inside. Neglecting the weight of the contained air, 
shew that the vertex is at a height h above the outside water level, where 
hW8=3W/Trpg. [M. T.] 


46. Acone of semi-vertical angle « and density p has its vertex fixed 
above the surface of a liquid of density o; if its axis be inclined to the 
vertical at an angle @ and it floats with one point of its base in the 
surface of the liquid, prove that 


3 
p=of1-@ aeeeeee (.] 
COs a Cos? (0 — a) 


47, A homogeneous tetrahedron floats partially immersed in a liquid 
so that two of its opposite edges are horizontal. Shew that the straight 
line joining the middle points of these edges is their shortest distance. 

[M. T.] 


48. A tank is partly filled with water, a space V above the water 
being empty. A cubical box with thin sides, the weight of which is k 
times the weight of the water which it can contain, is placed sym- 
metrically in the tank and is gradually depressed by the addition of 
water inside. Prove that water will begin to overflow from the tank 
when the depth h of water in the box is given by the equation 


ka +a*h=V, 


provided that V <a’, where a is an edge of the box. What happens if 
V>a? [I.] 


49. The density of a rod of uniform cross-section varies as the 
distance from its upper extremity about which, as a fixed point, the 
rod is free to move. If the rod rests with half of its length in a uniform 
liquid, shew that the density of the liquid is to the mean density of the 
rod as 16 is to 9. [C.] 


50. A rectangular lamina floats with its plane vertical and its 
longer side (2a) inclined at a small angle 6 to the vertical. The lamina is 
entirely immersed in two fluids of densities c, o’ (o’ >a), its centre is in 
the common surface, and its centre of gravity is in the line through the 
centre parallel to the shortest side (2b) and at a small distance c from 
the centre; prove that 


6 (o’ — a) (8a? — 26?) = 6 (o’ +c) ac. [1.] 
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a A sphere of radius a and specific gravity s stops a circular hole 
of radius 6 in the vertical wall of a tank containing water, being pressed 
into the aperture by the pressure of the water but otherwise free to 
move. Shew that the ball will be thus kept in position by the water if 
4a3s lies between the two quantities 


: 2a2 (a+c)+6%c + 3b32/c, 
where z is the height of the surface of the water above the centre of the 
ball (assumed greater than a) and c?=a?— b?. [M. T.] 


. Aright cylinder of height h and specific gravity s is floating in 
a tke with its axis vertical. Shew that the amount of work which must 
be done in order to lift it vertically just out of the water is half that 
required to lift it through the same height in a vacuum. What is the 
modification in this result when the cylinder floats in a tank of area 
nA, the area of the section of the cylinder being A? [ee 


53. A sphere, of radius a and specific gravity }, is held completely 
immersed at the bottom of a circular cylinder of radius 6, which is 
filled with water to depth d. The sphere is set free and takes up its 
position of equilibrium; shew that the potential energy lost is 


11 la’ 
where W is the weight of the sphere. [M. T.] 


A block of stone lies in a tank, with its top in the surface of the 
water; prove that the work done in lifting the stone slowly just clear 


of the water is (W—4W’)L(1—A/B), 

where W is the weight of the block, W’ of the fluid displaced, A the area 
of the section of the block, B that of the tank and / is the depth of the 
block. [C.] 


55. A spherical shot of weight W Ib. and radius a feet lies at the 
bottom of a cylindrical bucket, of radius b feet, which is filled up to a 
depth h feet (h> 2a) with water. Prove that the work done in lifting 
the shot just clear of the water must exceed 


4a? ; 2a? 
Ww (2 = a) SSH @ = Gr a foot-pounds, 


the weight of water displaced by the shot being W’ lb. [M. T.] 


56. A right circular cone is slowly lowered, with its axis vertical, 
into a cylindrical vessel containing liquid of density p, until the base 
of the cone is just immersed. Shew that the work done on the liquid is 
Asgph®B (3A —2B)/A, where h is the height and B is the area of the 
base of the cone, and A the area of the cross-section of the cylinder. 

[M. T.] 


5-2 
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57. A block of wood of density a, in the form of a right prism of 
cross-section A and height 0, is held with its base in contact with the 
base of a tank containing liquid of density p(>o). The liquid in the 
tank stands at a height h, and covers the block. The block is allowed 
to rise slowly, performing work, until it floats. If A be so small com- 
pared with the horizontal cross-section of the tank that the change of 
level can be neglected, shew that the work done by the block is 


gAb(p—o)| h=¥ (1+2)]. 


If the change of level of the liquid were taken into account, would the 
work done be found to be less or greater than that given by the above 
formula? [M. T.] 


58. A cylinder of radius 26 is filled to depth 86 with liquid of den- 
sity p. A solid cylinder of density p/2, radius 6 and height 20, is then 
placed in the cylinder and tied to the bottom of the larger cylinder, so 
that its base is at a height 2b above the bottom. Shew that the potential 
energy of the system when the smaller cylinder is in this position 


differs from that when it is floating freely by 39gp7b4/8. [M. T.] 
ANSWERS 
1. 62-5 oz. 6. (i) gpwa*h; (ii) gpwa*4/{h? + sahsin 6+ 4a*}. 


Greatest when the base is horizontal and uppermost. Least when 
the base is horizontal and the curved surface uppermost. 
8. 49pra®4/(13+ 12sin 6). 23. (nW’—W)/(n—1). 
25. 1-23 inches. 26. 3 oz. 27. 13. 28. 2-25 inches. 
35. The surfaces rise by equal amounts j 
(1) o(A+B); (2) @&/o(A+B). 

38. w(l1—/s)s’/(s’—1)V/s. 48. The box sinks when h>a(1—k). 
52. The work done=(n— 1) wAh?s?/2n, where w=wt. of unit vol. of 
water. 57. Less. 


Chapter V 


STABILITY OF FLOATING BODIES 


5-1. Let a body float partially immersed in a liquid. Let G 
be the centre of gravity of the body and let H be the centre of 
buoyancy (4:1) in the position of equilibrium. The line GH is 
then vertical. 

When the body undergoes a slight displacement the mass of 
liquid displaced may be altered in shape or in quantity or in 
both. An alteration in shape implies a new position H’ for the 
centre of buoyancy, and an alteration in quantity implies a 
new measure for the force of buoyancy. 

Firstly, suppose the body to undergo a small vertical dis- 
placement downwards from the equilibrium position, without 
rotation. This will increase the force of buoyancy so that there 
will be a resultant upward force on the body tending to restore 
it to its former position. Similarly an upward vertical dis- 
placement would decrease the force of buoyancy and leave a 
resultant downward force on the body tending to restore it to 
its former position. Hence the equilibrium of a floating body 
is stable for small vertical displacements. 

Secondly, in a small horizontal displacement without 
rotation, since there is no resultant horizontal force on the 
body, it would have no tendency to move horizontally from 
any position in which itis placed. For this type of displacement 
therefore the equilibrium is neither stable nor unstable. 

There only remains for consideration the case of small 
rotational displacements in which the mass of liquid displaced 
remains unaltered, and this case we shall consider at length in 
what follows. 


5-2. Metacentre. Let a floating body receive a small 
rotational displacement which does not alter the mass of liquid 
displaced. Let @ be the centre of gravity of the body and W its 
weight. Let H be the centre of buoyancy in the equilibrium 
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position and H’ the centre of buoyancy in the displaced 
position. Since the mass of liquid displaced remains unaltered, 
the force of buoyancy remains equal to W but in the displaced 
position of the body it acts upwards through H’. If the dis- 
placement takes place in a plane of symmetry of the body, 
the vertical through H’ will intersect the line HG which was 
vertical before the displacement. The point VM in which these 
lines intersect is called the metacentre and the stability of 
equilibrium depends upon whether the metacentre 1s above or 
below the centre of gravity of the body. 


The forces acting on the body are its weight W vertically 
downwards through G and the force of buoyancy W vertically 
upwards in the line H’M. These forces constitute a couple and 
in fig. (i), inwhich JM is above G', the couple tends to restore the 
body to the position in which HG is vertical, which is therefore 
a stable position in this case; but in fig. (ii) where / is below G 
the couple tends to increase the inclination of HG to the 
vertical, so that when JU is below G the equilibrium is unstable. 

GM is called the metacentric height of the floating body. 
We shall shortly shew how it is to be determined. 

If @ is the small angular displacement, the couple tending to 
decrease or increase 0 is W.GM0@. 


5:21. In general the determination of a metacentre involves 
integration. If however the immersed surface of the body is 
spherical, the thrust on every element of the surface passes 
through the centre of the sphere, and therefore the resultant 
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thrust or force of buoyancy in every position of the body passes 
through the centre of the sphere. In the same way, if the 
immersed surface is part of a circular cylinder with horizontal 
generators, the force of buoyancy will intersect the axis of the 
_ cylinder in every position. The following example will serve to 
shew how we can make use of the foregoing fact in a case in 
which the immersed surface is not completely spherical. 
5211. Example. Shew that when a uniform hemisphere of density p 
and radius a floats with its plane base immersed in homogeneous liquid of 
density o, the equilibrium is stable and the metacentric height is 3a (o— p)/p- 
M. T.] 
Let CAB be the solid hemisphere and DE its intersection with the 
surface of the liquid. Imagine the sphere to be completed below the 


surface of the liquid and let CF be the diameter at right angles to the 
base AB of the hemisphere. 
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Let V denote the volume immersed, viz. DABE. Then the force of 
buoyancy is an upward force goV acting through the centre of gravity 
of DABE. Now if we add to the liquid displaced the hemisphere AF’ B 
and also subtract it we do not alter the force of buoyancy. But the 
total upward force will now be the weight of liquid in DAF BE, viz. 
go(V +%na*), acting vertically through O since its components are all 
normal to the sphere, together with a downward force 3goma* (the 
added hemisphere) acting vertically through the centre of gravity L 
of the hemisphere AF'B, where OL = ja. 

These two parallel forces have an upward vertical resultant goV 
which cuts FC in M, such that 

goV .OM =3gora* .OL= dgona*. 

This point M is the metacentre, for its position is independent of the 
inclination of FC to the vertical so long as AB is immersed. 

And from the condition for floating 

goV =4gpra®, 


therefore OM==-a. 
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But if G is the centre of gravity of the solid hemisphere OG= 3a, 
and since o is by hypothesis greater than p, therefore M is above G, the 
position in which GM is vertical is stable, and the metacentric height 


GM = §a(o—p)/p- 


5-22. In any position of a body floating partially immersed 
in a liquid the section of the body made by the plane of the 
surface of the liquid is called the plane of flotation. 

If a body floating in homogeneous liquid be displaced in such 
a way that the volume of liquid displaced remains constant, 
the locus in the body of the centre of buoyancy is called the 
surface of buoyancy. 

It will be observed that the surface of buoyancy is the locus 
of the centre of gravity of a portion of a solid cut off by a plane 
which cuts off a constant volume. 

Weshall now prove some general propositions about surfaces 
of buoyancy and metacentres for bodies floating in homo- 
geneous liquid. 


5-3. General propositions about rotational displace- 
ments. 


(i) Condition for constancy of volume and its consequence. 
(ii) Haxstence of a metacentre. 
(iii) Formula for metacentric height. 


(i) (ii) 

Let %, 7, z be coordinates of the centre of buoyancy H of a 
body floating in equilibrium with a volume V immersed in 
homogeneous liquid, when the axes Ox, Oy are in the plane of 
flotation and Oz vertically downwards (fig. (i)); and let A be 
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the area of the section in the plane of flotation. Suppose the 
body to be turned through a small angle 0 about the axis Oy 
carrying the axes Ox, Oz with it (fig. (ii)) and let H’ be the new 
centre of buoyancy with coordinates x’, 7’, 2’. Let G be the 
centre of gravity of the body. 
Then if dA be a small element of area of the surface section 
at P and z the length of the ordinate PQ between this element 
and the immersed surface of the body (fig. (i)), the volume 
immersed is given by V=sedA 


where the integration is over the surface section.* 

In the displaced position (fig. (ii)) the length of the cy- 
lindrical or prismatic element of volume immersed whose 
cross-section is dA has been increased from PQ to P’Q, ie. 
from z to z +26, to the first order in 0; so that the new volume 
immersed is represented by 


S(z+x0) dA. 


If we impose the condition that the volume immersed is to 
remain constant, we have 


f(z+20) dA =fzdA, 
or JOdA =O ..ccrecrscrereerseresees (2). 


This implies that the centroid of the surface section lies on 
the axis Oy. Hence follows the theorem that 


If a plane section of a body cuts o ff a volume which remains 
constant for small displacements of the plane, the axis about 
which the plane turns must pass through the centroid of the 
section. 


Now suppose that the condition of constant volume im- 
mersed is satisfied. 


* The notation implies that the area A is subdivided into a large 
number of small elements of which dA is a type, that z is the ordinate 
at some point of dA, that the sum of such products as zdA is formed for 
all the elements of area and then the integral is the limit to which this 
sum tends when the number of such elements increases and their sizes 
diminish indefinitely. In actual evaluation it is generally necessary to 
use double integration in the form Sjzedady, but for theoretical purposes 
the symbolism used and defined here is simpler and unambiguous. 
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In fig. (i) the coordinates of the centre of gravity of the 
element PQ or 2dA are x, y and 3z, so that the coordinates 
%, ¥, z of H are given by 


Ve=faedA, Vy=fyzdA, V2=4f2dA ...(3). 


And in fig. (ii) the centre of gravity of the element P’Q or 
(z+20)dA is at a distance }(z+20) from P’ and therefore at a 
distance }(z—20) from P, so that its coordinates are x, y and 
4(z—26) and the coordinates z’, 7’, 2’ of H’ are given by 


Vz' =fau(z+20)dA, Vy’ =fy(z+20)dA, Vz'=43f(22—270?)dA 


Then by comparing (3) and (4) we see that, to the first 
power of 6, we have Z’ =2, so that HH’ is parallel to the plane 
xOy. But H, H’ are neighbouring points on the surface of 
buoyancy and hence follows the theorem: 

The tangent plane at any point on the surface of buoyancy 1s 
parallel to the corresponding position of the plane of flotation. 


We have next to consider under what circumstances a 
metacentre exists; i.e. what is the condition that the vertical 
through H’ (fig. (ii)) should intersect the line HG which is 
vertical in equilibrium ? 

These lines are both parallel to the vertical plane xOz,so that 
they will intersect if 7’ = 7; ie. if 


Jy (+20) dA =fyzdA, 
or if JOY CAO “orca. cenentense teas (5). 


This represents the vanishing of the product of inertia of the 
area A with regard to the axes Ox, Oy, and this product does 
vanishif the axis of rotation Oy is a principal axis of the surface 
section at some point O. This then is the further condition for 
the existence of a metacentre. 

To recapitulate—we have shewn that for small displace- 
ments with constant volume immersed the axis of rotation 
must pass through the centroid of the surface section; there is 
then a surface of buoyancy and the tangent plane to it at the 
centre of buoyancy in any such position of the body is hori- 
zontal; and there will be a metacentre for rotation about the axis 
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specified if it is a principal axis of the surface section at some 
point, and this is obviously true in any case in which the axis of 
rotation is an axis of symmetry of the surface section. 

It remains, when the foregoing conditions are all satisfied, 
_ to find an expression for the metacentric height. 
In this case we have 


BY =Z 2 
=6fxz?dA/V from (3) and (4). 
But fz2dA is the moment of inertia of the surface 
section A about the axis of rotation Oy and may 


be denoted by Ak?. Also if M is the metacentre, 6G 
then HM and H’M are inclined at a small angle 0, 


so that HH’ =HM.0. 
ified thal HM ARVs... .erese (Mie 


We observe that this expression for the height of 
the metacentre above the centre of buoyancy depends only 
on the surface section and the total volume immersed. 
The metacentric height GW (5-2) is given by 
GM =HM —HG=(Ak?-V.HG)/V ......... (7); 
and if p is the density of the liquid so that the weight W of the 
bodyis equal to gpV, the couple tending torestore equilibrium is 


W .GM .6=900 (AK? —V .HG) «0... (8). 


5-31. Since in general there are two principal axes of the 
surface section of a floating body passing through its centroid, 
with corresponding moments of inertia Ak,? and Ak,?, there- 
fore there are two metacentres, one for rotation about each of 
these axes; and the equilibrium will be stable for displacements 
about both the axes if H@< Ak,?/V and also < Ak,?/V. 

It can be shewn that the equilibrium is stable for displace- 
ments about all horizontal axes through the centroid of the 
surface section if the centre of gravity of the body is lower than 
the lower of these two metacentres. Fora proof of this theorem 
in the general case we have to make use of the general equation 
of the surface of buoyancy.* 

* Besant and Ramsey, A Treatise on Hydromechanics, Part I, 
Hydrostatics, § 66. 
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5-32. The work done in producing a small displacement of 
the kind described in 5-2 and 5-3 is obtained from the con- 
sideration that, when the angular displacement is 6, the 
restorative couple is W.GM.0, so that to increase the dis- 
placement by an amount d would require an amount of work 
W.GM .6d0, and, by integration with regard to 0 between 
limits 0 and 0, the work required to produce the displacement 


0 is 4W .GM.0? 
or tgp (Ak? -—V . HG) @?. 

5:33. A practical method of determining the metacentric 
height of a ship consists in measuring the relative deflection of 


a plumb line produced by moving a known weight w through a 
measured distance d across the deck. Since the removal of a 


force w from one point and its application at another is 
equivalent to the application of a couple, therefore if the 
vessel turns through a small angle @ into a new position of 
equilibrium, we have, by equating the couples, 

wd cos0=W.GM .sin 8, 
or, 6 being small, GM =wd/Wo. 


5°34, Examples. (i) Discuss the stability of a uniform right circular 
cone of density o floating in a liquid of density p with its axis vertical and 
vertex downwards. 
Let h be the height of the cone, 2« its angle and h’ the length of axis 
immersed. 
In this case A is a circle of radius h’ tan « so that 
Ak? = 4h tan! «* 


* See the ‘Reference Table of Moments of Inertia’, Dynamics, p. 189. 
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and V=4nh’ tan? «, 
therefore HM = $h’ tan? «. 


But, if O is the vertex, OH = $h’, so that OM = $h’ sec? a. 
But OG = 3h. Therefore the equilibrium is stable or unstable accord- 
ee h’sec?a> or <h. 


But, since the cone floats, ph’? = ch, so that the equilibrium is stable 
or unstable according as 


o/p> or <cos®a, 


(ii) Find the form of a uniform solid of revolution such that when 
floating with its axis vertical the distance between the centre of buoyancy 
and the metacentre is independent of the length of the axis immersed. 


Let BP=Hl (Z)  acececececscscecscccscversers (1) 


be the equation of a meridian section of the surface, where the origin 


O is in the lowest section and Oz is measured upwards, and let h be the 
length of the axis immersed. 


In this case A is a circle of radius »/(f’ (2)), so that 
Ak? =4nf’ (h)?. 


h h 
nd ee ip san nea [re dz= mn {f (h)—f(0)}- 
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But Ak?=cV, where c is a constant. 


Therefore FS! (RP =4eLf (LR) —f (O)}  ceeeeeeceeeeceeeeees (2) 
we vids UY need a 
ss re aio 
Hence by integration 
ALF (A) —f (O)RHV MAD cererceceeececeoncees (3), 


where 6 is a constant of integration. 
But the left-hand side of (3) vanishes when h=0, so that b=0. 


Hence FAT) =F.) CHAS vee crenielevie weyers sieisieminiasie (4) 
and f’ (h) =2ch, 
so that F(z) = 225 
and from (1) the required equation of the meridian curve is 
"= 2cz, 


and the surface is a paraboloid of revolution. 


(iii) A homogeneous circular cylinder of length h, radius a, and specific 
gravity p floats in water. Prove that the position with the axis vertical is 
stable if a*/h? > 2p(1—p); also that the position with the axis horizontal is 
stable if h>b, where 6 1s the breadth of the rectangular water section. 

Prove that, if p=4, and 8a? = 3h*, the position of stable equilibrium is 
one in which one end of the cylinder is gust immersed, and the other is 
just out of the water. [I.] 

Let h’ be the length immersed when the axis is vertical. Then h’ = ph. 
Also, if O is the centre of the base, OG=4h and OH=¢h’; Ak? =}7a4 
and V=za*h’. 

The condition for stability is OM >OG, or OH+ HM > 0G, i.e. 


4h’ 4 > th 
4h" * 


a2 
oa or a*/h? > 2p(1—p). 


i.e. ph + 


Wye 


When the axis is horizontal, for rolling displacements the force of 
buoyancy always intersects the axis, so that the metacentre M, lies 
on the axis. Since the section by the water surface is a rectangle of 
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sides 6 and h, the moment of inertia Ak? for tilting will be greater than 
for rolling if h>b. In this case therefore the metacentre M 2 for tilting 
will be higher than the metacentre for rolling and the equilibrium will 
be stable for both types of displacements (5°31), or rather neutral for 
rolling and stable for tilting. 

When p= 3, G lies in the plane of flotation. Consider the position in 
which one end AB is just immersed and the other end CD just out of 
the water. Take O as origin, the axis Ox along the line of greatest slope 
in the base, and Oz along the axis of the cone. Then, if the base is 


C 


inclined at an angle « to the horizontal, the plane of the water section 
is the plane z=(x +a) tan «. The centre of buoyancy H lies in the plane 
aOz and its coordinates %, Z are given by 
&Sledudy=ffuzdudy, ZJlzedxdy=Sfte*dxdy, 
where zdady represents a prismatic element of volume standing on a 
base dady, of height z=(x+a)tan«, and the integration is over the 
circular base. Hence 
&Sf(e+a) dxdy=JJ(u? + ax) dudy 

and ZSf(c+a) daxdy=t tan « f(a? + 2ax + a?) dady. 

But, since the origin is the centroid of the area of integration, there- 
fore fjududy=0, while SJdady=7a?, and Jfa? dady = 3na4, the last 
integral being the moment of inertia of a circle about a diameter. 


Hence : &.na®=tra*, or w#=ja, 

and Z.7a=fnattana, or Z=fgatana. 
Therefore tan OGH = 4a/(4h—atan «), 

or since h=2atan «, tan OGH =2 cota. 


But for GH to be vertical we must have OG'H =«, and therefore 


h? : 
= 2 
tan? «=, or TET ak i.e. 3h? = 8a?. 
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Also in this position 


4/5 


EG 2 ODEO Ee Be Oe ge 


Again HM = Ak?/V, where A is the area of the water section, j.e. an 
ellipse, and & is its radius of gyration about the axis about which dis- 
placement takes place. The smallest moment of inertia is about the 
major axis BD, and since the minor axis is a diameter of the circular 
section, the least k? is }a?. Also, by projection, A = 7a? seca, so that 
/ 5 
44/3 i 
half that of the cylinder, i.e. 47a2h or V3 7a%. Therefore the corre- 
sponding metacentre is given by HM= 5% Hence the lower of 
the two metacentres coincides with G and the higher is above G and 
the equilibrium is stable. 


the least value of Ak? is na’. And V, the volume immersed, is 


5-4. A general discussion of the form of the surface of 
buoyancy for a floating body of given form is beyond the scope 
of an elementary text book, but in addition to the fact that the 
tangent plane to the surface of buoyancy at any point is 
parallel to the corresponding plane of flotation, we may observe 
that the surface of buoyancy is concave upwards. This follows 
from the fact shewn in 5-3 (3) and (4), viz. that although to the 
first power of 0 we have 2’ =Z, yet, when we do not neglect 6, 
2’ is less than Z by the amount 46? fa?dA/V or 462Ak?/V which 
is essentially positive, so that all points on the surface of 
buoyancy in the immediate neighbourhood of H are nearer to 
the plane of flotation than H. 

Again, when the surface of buoyancy is known, for a given 
body floating in a liquid of given density, possible positions of 
equilibrium of the body may be found by drawing normals to 
the surface of buoyancy from the centre of gravity G of the 
body. For if GH be such a normal and the body be placed in the 
liquid with G'H vertical and the specified volume immersed, 
the tangent plane at H to the surface of buoyancy will be 
horizontal and all the necessary conditions for floating are 
satisfied. 

Further, if H’ is the centre of buoyancy in a slightly dis- 
placed position the vertical through H’ is also a normal to the 
surface of buoyancy, and if the displacement is such that there 
is a metacentre M, then M is the point of ultimate intersection 
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of two neighbouring normals, i.e. M is the centre of curvature 
of one of the principal normal sections of the surface of buoy- 
ancy; and for sufficiently near points SS eee fe 
wehaveHM=H'M. 

Nowsuppose that GH is a normal from the 
centre of gravity to the surface of buoyancy, 
and that @ lies between H and the meta- 
centre M. Then GH being a normalisstation- 
ary in length for small displacements of 
H. But H’G+ GM > H'M, and H’M=HM, 
therefore H’G+GM>HNM, or H’G>HG. 
So that in this case HG is a minimum. But 
by 5-2 this is the case of stable equilibrium. 
Hence for stable equilibrium HG is a 
minimum. In like manner we can shew that 
when the centre of gravity lies on HM 
produced, as at G@’ in the figure, HG’ > H "Gi, 
or HG’ is a maximum, so that in unstable equilibrium AG 
is a Maximum. 


5°41. Weshall illustrate the method of 5-4 by applying it to a simple 
case, assuming an elementary knowledge of analytical geometry of 
three dimensions. 


Find the surface of buoyancy for a uniform rectangular solid partially 
immersed in liquid with one face completely immersed. 

A cube floats freely in liquid of twice its density ; shew that there are an 
infinite number of positions of stable equilibrium in which the water line 
is a parallelogram, and such that the faces entirely in and out of the fluid 
are inclined at an angle of $7 to the surface. {1.] 


Let ABCD be the lowest face of the solid and PQRS the water 
line. 

Take an origin O at the centre of ABCD and axes Ox, Oy in that 
plane parallel to the edges, and Oz at right angles to the plane. Let the 
equation of the water surface be 


SHIEK MY HC crrcrececereereeneeeeoeess (GIN 


This plane cuts Oz in N where ON =c¢, and since the volume of the 
solid cut off by all planes through NV is the same, therefore the surface 
of flotation reduces in this case to the point NV. 

“Tet AB=2a, BC=2b and let V be the volume immersed, and. 
&, J, Z the coordinates of the centre of buoyancy H. 


RH 6 
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Then integrating by summing prismatic elements of volume of 
section dady and height z, where z is given by (1), we have 
V =Sj(la+ my + ¢) dxdy, 
Va=ffx(la+my+ec)dady, Vie=Sfy(la+my +c) dxdy 
and Vi=ffherdady=$ff(la+my+c)*dady; 
where the integrations are over the rectangle ABCD. 


Since the axes are the principal axes of the area ABCD at its 
centre of gravity, therefore 


2 
and [fedeay=4av.$, [ [uracdy =aab 5. 


Hence V = 4abc is independent of / and m as stated above, 


a b? 
Ve=4ab.3 1, Vg=4ab..m sainia\sin(Ss.a/ajain aigheiense (2) 

d Ve=2ab (24 miset 
an Z=2a (Gergm +0") AaosgdoscaS SBE (3). 


By eliminating V, 1, m, we find that @, 7, Z satisfy the equation 


a? y? 2/2 1 
atts=3 (5-5) Es (4), 


and this is the equation of the surface of buoyancy. It is a paraboloid 
and clearly passes through the point (0, 0, $c), which is the position of 
H when the base A BCD is horizontal. 

For the second part of the question, if the solid is a cube of side 2a, 
immersed in fluid of twice its density, then a=b=c, and equations (1) 
and (4) become emilee mya otek heed Ree eee (1’) 


and Wo Ne WO folinntt 0H Uthas' <0). SRC HO ACOUAN RSG ObA ae (4’). 
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The coordinates of the centre of gravity & are (0, 0, a). 
Now the equations of the normal at any point (2, 9, 2) on the surface 


f (%,y,2)=0, being eu—z y-Yy 2—2 


afjoz ofleg af /éz” 
it follows that the normal at a point A (&, g, 2) on the surface (4’) is 


a 4g =— Oar ai (5), 
and this line passes through the point G, (0, 0, a), if 
eee ere 
& Gg  — 3a’ 
i.e. if H lies on the plane ZED ccrereccsccsccesceeeccasceeooees (6). 


Hence normals from @ to the surface of buoyancy (4’) meet it on the 
plane z = $a, which cuts (4’) in the circle 
re ee (7). 


Now the plane (1’) being horizontal, the direction cosines of the 
vertical are proportional to —1, —m, 1, so that the cosine of the angle 
between the vertical and Oz or between the plane ABCD and the 
horizontal is given by 

cos §= Pi ALL Sahat, oe aN (8). 
Vb +m +) Z 
But from (2), in this case /= 3%/a and m= 39/a, so that 
24+m?=9(#+9?)/a2=1, (from (7)). 


1 
Therefore cos @= V2 or 0=4n. 


Since the plane (6) cuts the surface (4’) in a circle, there are therefore 
infinitely many positions for H satisfying the condition that the 
normal at H goes through G and the plane ABCD is inclined at $a to 
the horizontal. 

To consider the stability we have 


H@=#4+9+(a—-Z)?, 
and in a displaced position (#, 9, 2) satisfy (4’); so that 
HG? =3a(z—4a) + (a—2)’. 
Denoting this by f (2), we have 
f’ (2) =3a—2(a—2); 
this vanishes for Z=%a, in agreement with (6), and this value makes 
f’ (2 positive so that HG is a minimum and the equilibrium is stable. 


5-42. A solid of uniform density o floats partly immersed in a 
homogeneous liquid of density p. Shew that a solid of the same size 
and shape and of uniform density p—o can float inverted with the 
same plane of flotation in the same liquid; and that if the equali- 

6-2 
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brium is stable in the one case it is also stable in the other case for 
like displacements. 


Let V, V’ denote the volumes immersed and unimmersed in 
the first position of equilibrium and H, H’ the centroids of V 
and V’. 


Then if G is the centre of gravity, HH’ passes through 
G; but HG is vertical in the first case, therefore H’G is vertical 


when the body is inverted. Again — therefore 


also = 


or V’p=(V+V’)(p—o); so that both conditions 


pa 
of equilibrium are satisfied in the second case. 

With the usual notation, the first position is stable if 
HM >HG,ie.if Ak?>V.HG. But V.HG=V’'.H’G, so that 
we also have Ak?>V’.H’G and this is the condition for 
stability in the second case. 

When the liquid is water, then if s is the specific gravity of 
the first solid 1 —s is that of the second. It follows that in con- 
sidering the limits to the specific: gravity of a solid of given form 
in order that it may float in stable equilibrium we may confine 
ourselves to values of s less than 4, since for any value of s less 
than $ which ensures stability there is a corresponding value 
1—s which also gives a stable position. 


5:5. Vessel containing liquid. When homogeneous liquid 
is contained in a vessel which undergoes a small rotational 
displacement the determination of the line of action of the 
resultant downward thrust on the vessel, which is of course 


5:51] VESSEL CONTAINING LIQUID 85 


the weight of the liquid, is analogous to the determination of 
the line of action of the upward thrust on a floating body. For 
the liquid in the vessel occupies a given volume, and the free 
surface of the liquid remains horizontal, so that figs. (i) and (ii) 
of 5-3 might represent the vessel of liquid in two neighbouring 
positions. The line of action of the resultant thrust in the dis- 
placed position is the vertical through H’, which, in cases of 
symmetry, will cut HG in a metacentre M determined as 
in 5:3. 


5:51. Floating vessel containing liquid. To take a simple 
case, let the form of the floating vessel be a figure of revolution 
floating with its axis vertical and containing some liquid. 
There is then symmetry about all vertical planes through the | 
axis. 

Let W, W’ be the weights of the displaced and the con- 
tained liquid. There is a metacentre UV for the line of action of 
the force of buoyancy W determined as in 5-3, and there is 


likewise a metacentre WM’ for the line of action of the weight W’. 
The only other vertical force is the weight of the vessel acting 
through its centre of gravity G. The equilibrium will be stable 
when the axis is vertical if in the displaced position there is a 
resultant movement about G tending to restore the vertical 


position, i.e. if W.GM-—W’.GM’ 


oh ager WM 
is positive, or 1 Ww Gi: 
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5°52, Example. A thin metal circular cylinder contains water to @ 
depth h and floats in water with its axis vertical immersed to a depth h’. 
Shew that the vertical position is stable if the height of the centre of 
gravity of the cylinder above its base 
as less than 4(h+h’). 


Let G be the centre of gravity of 
the cylinder, O the centre of the 
base, and H, H’ thecentre of gravity 
of the water contained and dis- 
placed in the equilibrium position 
of the cylinder; M, M’ the corre- 
sponding metacentres, a the radius 
of the cylinder and let OG =z. 

Then 


H’M’ = Ak?/V 
= 4rat/ra*h’ =a?/4h’, 
so that QM’ = 0H’ +H’M’-0G="% 4 z 
Sigilanly Ge Ss 
2° 4h 


The upward force of buoyancy acting through M’ is gpa*h’ and the 
weight of water contained acting through M is gpza*h, so the equili- 
brium is stable if 

hi a h,@ 
2h’ ( _ pret ae 2 ea PREC a 
gprra*h ¢ +a 2) > 9pra n(S+55 z), 
or if 3 (Ah —h?)>2(h’—h), 
or Z2<4(h+h’). 


5-6. Stability for finite displacements. In considering the 
stability of a ship displaced by rolling it is necessary to provide 
for displacements through angles of finite magnitude. If we 
assume the ship to have two vertical planes of symmetry so 
that pure rolling without tossing is possible, then we have only 
to consider forces in the vertical plane through the centre of 
gravity G transverse to the length of the ship. The section of 
the surface of buoyancy by this plane is the curve of buoyancy— 
the curve H P in the figures, where H is the centre of buoyancy 
in the position of equilibrium. This curve is symmetrical about 
the line HG, so that its evolute (locus of centres of curvature or 
envelope of normals) has a cusp at M, on the line HG, M, being 
the metacentre in the equilibrium position; and the cusp may 
point downwards as in fig. (i) or upwards as in fig. (ii). If the 
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vessel turns through an angle 0 so that the normal PM to the 
curve of buoyancy becomes vertical, then the force of buoy- 
ancy acts along PM and the restorative couple is W.GY, 
where W is the weight of liquid displaced and GY is perpen- 
dicular to PM. In fig. (i) it is evident that GY increases 
steadily with 8, so that the equilibrium is stable when the 
evolute of the curve of buoyancy is as in fig. (i). But in fig. (ii), 


(ii) 


if the normal PV to the curve of buoyancy cuts HG in UN, it is 
clear that as 6 increases GN decreases until the normal passes 
through G, when GN vanishes, so that GY increases to a 
maximum and then decreases to zero, and the position in 
which the normal passes through G would be a position of 
equilibrium, but an unstable one because as 8 increases 
beyond the value corresponding to GQ the couple ceases to 
be restorative and tends to increase the displacement. 
Hence with the evolute of the curve of buoyancy as in fig. (ii) 
the equilibrium becomes unstable for sufficiently large dis- 
placements. 
EXAMPLES 


A. A uniform circular cylinder, whose radius is two-thirds of its 
height, floats in water with its axis vertical. Prove that the equilibrium 
cannot be stable if the specific gravity of the cylinder lies between 
4 and 2. 

2. A thin cylindrical stick consists of two parts equal in length. The 
specific gravity of one part is §. Shew that the least specific gravity of 
the other part that will permit of the stick floating upright in stable 
equilibrium in water is 1). 


88 STABILITY OF FLOATING BODIES 


3. A thin rectangular strip of uniform material, having sides of 
length 1 and za, is bent into a channel of semi-circular section (radius a 
and length 1) with open ends and immersed in water. The specific 
gravity of the material is 4. Confining attention to positions in which 
the straight edges of the channel are horizontal, shew that there are 
two configurations of stable equilibrium. Are there any configurations 
of unstable equilibrium? [M. T.] 


4. Shew that a uniform circular cylinder, of specific gravity 4, 
cannot be in stable equilibrium, when floating upright in water, if its 
length exceeds three-quarters of its diameter. 


g. Prove that a circular cylinder of radius a and length a/n cannot 
float upright in stable equilibrium if its specific gravity lies between 


$[1—+/(1—2n?)], and 4$[1++/(1—2n?)]. 
What will happen if 2n?>1? [C.] 


6. A rectangular parallelepiped of specific gravity 4, and edges 
2a, 2b, 2c, floats in water. Shew that, if a? and b? are both greater than 
3c, the pdsition of equilibrium in which the edges ¢ are vertical is 
stable. 


7. A body symmetrical about an axis and having a hemispherical 
base rests on a rough horizontal table, and the equilibrium is unstable. 
Shew that if the body has in it a spherical cavity, the equilibrium may 
be rendered stable by introducing liquid, provided the centre of the 
cavity is below the centre of the hemisphere, but otherwise not. Give a 
formula for the smallest mass of liquid that will suffice. [C.] 


8. A cylindrical cup is formed of thin sheet metal, the height being 
twice the diameter; the surface density of the plane bottom is n times 
that of the curved surface, and the weight of the cup is half that of the 
water which would fill it. Shew that the cup will float in stable equili- 
brium with its generators vertical, if n> 58. [M. T.] 


9. If a segment of a sphere of density o floats in liquid of density p, 
prove that the position in which the plane face is immersed and hori- 
zontal is a position of stable equilibrium and that the metacentric 


height is 2—* times the distance of the centre of gravity of the segment 


o 


from the centre of the sphere. [1.] 


10. Shew that a homogeneous right circular cone of vertical angle 2 
cannot float stably with its axis vertical and vertex downwards unless 
its density as compared with that of the liquid is greater than cos® a. 


What is the corresponding result when the vertex is upwards? [C.] 
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1l. If in the first part of the preceding example cos* «a> o/p, prove 


that the position becomes stable when a particle of weight w is 
attached to the vertex if 


sr) 


_ where W is the weight of the cone. It is assumed that the base of the 


cone is not submerged, that o is the density of the cone and p that of 
the liquid. [I.] 


12. Shew that for a solid cone (not necessarily circular) floating 
vertex downwards the surfaces of buoyancy and of flotation are similar 
and similarly situated, and that their linear dimensions are in the 
ratio 3:4. [C.] 


13. A uniform elliptic disc of eccentricity e and mass M has a 
particle of mass m attached at one focus and floats with its major axis 
vertical in a fluid of such density that one-fourth of that axis is im- 
mersed. Shew that the equilibrium will be stable if 

(42/34/3 -—1—e)m>eM. [C.] 


ae A homogeneous cylinder whose cross-section is an ellipse floats 
ith its generators horizontal. Shew that one of the principal axes 
must be vertical. Which one is vertical in stable equilibrium? {C.] 


15. Investigate the stability of the different positions in which an 
ellipsoid can float in a liquid of twice its specific gravity. [I.] 


16. A hollow circular cylinder floats in water with its axis vertical, 
and three quarters immersed, prove that for stability the ratio of the 
radius to the height of the cylinder must be greater than 4/%. Investi- 
gate the effect on the stability of putting a given quantity of water into 
the cylinder. [1] 


17. A thin cylindrical vessel floats when empty with its axis vertical 
and its base a depth h below the surface, the equilibrium being unstable. 
Shew that the vessel can float in stable equilibrium with its axis vertical 
if water of volume greater than 7a? (c—h/2) is poured in; a is the radius 
of the vessel and c the distance of its centre of gravity from its base. [I.] 


18. A flat-bottomed, vertical-sided ship of waterline area A and 
weight W floats normally with its bottom horizontal. Enough water 
leaks in to keep the bottom covered. Neglecting the thickness of the 


sides, shew that the ship will not remain vertical if h> spe where p 


is the density of water, and h is the height of the centre of gravity of the 
ship above thé water inside. [I.J 


19. A thin circular hollow cylinder floats in water with its generators 
vertical, and also contains water. Shew that the condition of stability 
is that the centre of gravity of the cylinder should be below the plane 
midway between the internal and external water lines. 
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20. A vase is symmetrical about a vertical axis and the interior is a 
cone. It is held so that it can turn freely about a horizontal axis through 
the centre of gravity, which lies above the vertex of the cone. Shew 
that as water is poured in, the equilibrium is at first stable, and find 
the condition that it should subsequently become unstable. Shew in 
particular that, if the semi-vertical angle of the cone exceeds 30°, the 
equilibrium always becomes unstable before the vase is full. et 


21. A vessel containing water, whose shape is that of a right cir- 
cular cone, can swing about a fixed horizontal axis which cuts the axis 
of the cone at right angles in A. AWN is drawn normal to the cone, and 
NM is drawn perpendicularly to the axis of the cone. Prove that in 
order that the position of equilibrium may be stable for small displace- 
ments, the centre of gravity of the water must be below M, the weight 
of the vessel being neglected. [M. T.] 


22. The inside of a basin is in the form of the portion of a paraboloid 
of revolution which is cut off by a plane perpendicular to the axis 
through the focus of a generating parabola, and the centre of gravity of 
the basin is at half its depth. The basin is pivoted so that it can swing 
freely about a diameter of its edge which is horizontal. Shew that the 
basin may be filled to any extent with water and will remain stable 
provided the weight of the basin is greater than 4° times the weight of 
water required to fill it. | 


23. A hollow cylindrical vessel, of radius 7, is supported at the ends 
of a diameter of the cross-section in which is situated the centre of 
gravity of the vessel. The vessel contains water to a depth h. Prove 
that the vertical position is unstable unless r< 61/2 and h lies between 
b+4+/(b?—4r?), where 6 is the distance of the centre of gravity of the 
vessel from its base. {1.] 


24. The walls of a ship being vertical in the neighbourhood of the 
water line, shew that as the draught of water changes on passing from 
fresh water to salt water, the height of the metacentre above a plane 
midway between the old and new water lines varies directly as the 
specific gravity of the water. [C.] 


25. A wall-sided ship with a flat bottom draws a depth d of water 
when its weight, as loaded, is W; also h is the height of the metacentre 
above the centre of buoyancy. Prove that, if the ship is to be loaded 
with an extra cargo W’ so that the metacentric height is not to be 
diminished, then the centre of gravity of the extra cargo must not be 
at a greater height above that of the ship, as originally loaded, than 

I Ww’ 
: (a i 7) doh. [M. T.] 


26. A uniform rod of length a and specific gravity s less than that of 
water has one end fixed at a point na above a large vessel of water and 
hangs partially immersed. Prove that the whole potential energy in a 
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position inclined at an angle @ to the vertical differs from that in the 
vertical position by a quantity proportional to 


{n? sec @—(1—s)}{1—cos 6}, 


and find the position of stable equilibrium for different values of the 
ratio n?:1—s. [M. T.] 


27. A log of square section floats in water with the two square faces 
vertical and three of the edges perpendicular to them wholly im- 
mersed. Shew that there are three positions of equilibrium with a 
given edge not immersed, provided the specific gravity of the substance 
of the log lies between 33 and 2; and that if this condition be satisfied 
the two unsyminetrical positions are stable for rolling displacement, 
and the symmetrical position is unstable. [M. T.] 


‘ 28. Fora long rectangular beam, floating with two of the long edges 
immersed, prove that the curve of buoyancy, for displacements in 
which these edges remain horizontal, is an arc of a parabola. 


The weight of the beam is W, and its specific gravity is 3, the cross- 
section is a rectangle of sides 2a and 6a. The beam is floating in water 
with its shortest edges vertical; prove that if a very small weight kw 
is placed at the middle point of one of the upper long edges, the beam 
tilts through an angle $k approximately. {f.] 


29. A uniform solid cylinder of length J and radius a, which can turn 
round a diameter of its upper end as a fixed axis, is held vertically 
immersed in water to a depth h; shew that this vertical position is not 
stable unless the ratio of the weight of the cylinder to the weight of the 

‘ h @ 
water displaced exceeds 2 — 17 ond [1] 

30. A cylindrical object of uniform density and any cross-section 
having a plane of symmetry has its ends at right angles to its generators 
and floats in water with its axis vertical. It is found that it will also 
float in equilibrium with the generators making an angle @ with the 
vertical, the plane of symmetry remaining vertical. Shew that the 
centre of gravity of the cylinder must be at a height k?(1+4 tan? @)/h 
above the centre of buoyancy for the vertical position, where k is the 
radius of gyration of the cross-section of the cylinder about an axis 
through its centroid normal to the plane of symmetry, and h is the 
length of the cylinder immersed in the vertical position. 

By a consideration of the couples acting for inclinations other than @, 
shew that the sloping position is stable and the upright position 
unstable. [M. T.] 


31. In a liquid of depth a a prolate spheroid is half immersed with 
its axis vertical, so that it rests on the bottom. Prove that equilibrium 
will be stable if the depth of the centre of gravity below the centre of 
figure exceeds 5W’\ a2—b? 

( “8 7) i 
where W is the weight of the spheroid, W’ that of the displaced liquid 
and 2b is the length of one of the equal axes of the spheroid. [I.] 
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ANSWERS 


Unstable when the diameter of the semi-circular section is vertical. 
If 2n?>1, the upright position is stable for all specific gravities. 
M.OG/CO, where M is the mass of the body, G its centre of 
gravity, C the centre of the cavity and O that of the hemisphere. 
o/p<1—cos*a. 14. The shorter. 

Stable only when the least principal axis is vertical. 

For stability the depth of the water put in must exceed 4 the 
height of the cylinder. 

If n*?>1—s, the vertical position is stable. If n?<1—s, the 
position given by sec? @=(1—s)/n? is stable. If n?=1—s, the 
vertical is the only equilibrium position and it is stable. 


Chapter VI 


EQUILIBRIUM OF FLUIDS IN 
GIVEN FIELDS OF FORCE 


6-1. Ifevery particle of matter in a given region of space is 
subject to a force, as the result of some such cause as gravita- 
tion, the magnitude of the force being proportional to the 
mass acted upon, then the region may be called a field of 
force. When a particle is placed at any point in such a field it 
will be acted upon by a force in a definite direction and of 
magnitude proportional to its mass, though magnitude and 
direction may vary from point to point. The force per unit 
mass may be called the intensity of the field. 

A line drawn in a field of force so that the tangent to it at 
any point is the direction of the force at that point is called a 
line of force. 

Through every point of the field which is not a point of zero 
force there is one definite direction for the force of the field and 
therefore one line of force passing through the point. The 
whole field may therefore be regarded as filled with lines of 
force no two of which cross one another. 

For example in the Earth’s gravitational field the lines of 
force ina given locality are vertical lines, or, more strictly, lines 
directed towards the Earth’s centre. 


6-11. In this chapter we propose to consider the case of a 
fluid in equilibrium under the action of any given field of force. 
It is evident that an arbitrary distribution of force throughout 
a fluid would not in general maintain equilibrium, but we shall 
assume that equilibrium exists and then consider to what 
limitation the field of force must be subject for this to be the 
case. 

We remark at the outset that we are not for the moment 
concerned with what produces the field of force, but regard it 
as something ‘external’. 
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6-2. Pressure derivative in terms of force. Let a fluid be 
in equilibrium under the action of a given system of external 
forces. 

Let p and p + dp be the pressures at two neighbouring points 
P, P’, where PP’ is a short length 6s in an assigned direction. 

About PP’ as axis describe a 
cylinder of cross-section « so 
small that the linear dimensions 
of the cross-section are small 
compared to 5s. Let the cylinder 
have plane ends at right angles il 
to PP’. The thrusts on the ends 
of the cylinder are then, with sufficient accuracy, po and 
(p+ dp) «. 

Again, let p denote the mean density of the fluid in the 
cylinder and let F denote the component in the direction PP’ of 
the external forces per unit mass of fluid in the cylinder, so that 
the external force on the fluid in the cylinder in the direction 
PP’ is paF 8s. 

In equilibrium this force must be balanced by the difference 
of the thrusts of the surrounding fluid on the ends of the 
cylinder, so that 


p+Sp 


pitas 


P 


(p+6p)«—pa=palds, 
or = =pF. 

Now let 5s—0, then p becomes the density at P and F 
becomes the component at P in direction PP’ of the external 
force per unit mass, and we have 

fe EOD | nce deteple cts anne Meatirees (1). 

6:21. Surfaces of equi-pressure. Assuming that the pres- 
sure at a point in a fluid can be expressed as a function of the 
position of the point, e.g. in terms of rectangular coordinates 
x, y, z, then an equation p = constant represents a surface; and 
for different values of the constant the equation represents a 
family of surfaces on each of which the pressure has a constant 
value. These are surfaces of equi-pressure. 

From 6-2 (1) it is clear that if p is constant in an assigned 
direction 5s, so that 0p/ds is zero, then the external force has 
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no component in the direction 5s. Hence the direction of the 
external force at a point must be normal to the surface of equi- 
pressure through the point. Conversely, the component F is 
zero in a direction at right angles to the resultant external 
force, so that for this direction 0p/ds = 0, or p is constant. 

We have now discovered the limitation to which a given 
field of force must be subject if it can maintain a fluid in equi- 
librium; viz. that it must be possible to draw a family of 
surfaces which will cut the lines of force at right angles 
everywhere. 


6-22. Pressure gradient. It is obvious that two surfaces 
of equi-pressure for which p has different constant values 
cannot intersect. 

Let P, P’ be points on two neigh- 
bouring surfaces of equi-pressure 
on which the pressures are p and 
p+op. Let PP’ =é8s, and let 

PN (=6n) 
be normal to the first surface and 
meet the second in N. Let the angle NPP’=0@. Then the 
pressure being the same at NV and at P’, we have 


op ,. op .. op Op 
=f ee pee a COS Uist cee seine 1) 
Ag lim 5s lim Sn cos 8 an cos 0 (1) 


This proves that dp/dn is a vector whose component in any 
direction PP’ is the space derivative of p in that direction; and 
this vector dp/dn is called the gradient of p. 

The result (1) simply accords with the fact that dp/dn is the 
resultant force per unit volume at P and dp/ds is the com- 
ponent in the direction PP’ of the same force. 


6-3. The pressure and the potential energy function. 
If in 6-2 (1) we take 8s parallel to the axes of coordinates in 
turn, we get 

: pX, PY, pt Reid sits a) 
where p, p denote the pressure and density and X, Y, Z denote 
the resolved parts parallel to the axes of the external forces 
per unit mass at (x, y, z); and p, X, Y, Zand pare, in general, 
functions of x, y, z. 
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But the total differential dp is given by 


a ak gl eo 
d Ba eee 
therefore dp =p (Xdx+ Ydy+tZdz) .....ccrccceeee (2). 


The expression in brackets represents the work which 
would be done by the external forces on a unit of mass in an 
infinitesimal displacement from the point (x, y, z). When the 
forces constitute a conservative system* the expression in 
brackets is an exact differential, and as it represents positive 
work done it also represents loss of potential energy and may 
be denoted by —dV, where V is the potential energy function 
for a unit of mass in the given field. Consequently, when the 
forces are conservative, (2) may be written 

Ope = pihV Ginter veonsesugactecs (3). 

But since dp is an exact differential, therefore pdV must be 
an exact differential; so that, if not constant, p must be a func- 
tion of V. Then p is also a function of V, and when any one of 
these three functions is constant so are the other two. Therefore 
in a conservative field of force the surfaces of equi-pressure, 
equi-density and equi-potential energy coincide. 

We saw this exemplified in 2-2 and 2-32, for fluid under 
gravity, where horizontal planes are surfaces of equi-pressure 
and equi-density and constant potential energy. 


6-31. The relation 6-3 (2) is fundamental in the solving of 
problems in the equilibrium of fluids. It is conveniently 
remembered in the form ‘dp is equal to p times the virtual work 
of the external forces per unit mass’; and it is not necessary to 
use only Cartesian coordinates, for the virtual work may be 
expressed equally well by using any set of component forces. 

6°311. Example. (i) Find the surfaces of equi-pressure when a 


homogeneous liquid is subject to a constant force in a fixed direction 
(gravity) and a force towards a fixed point and varying as the distance. 


Let r denote distance from the fixed point O and ur the force per unit 
mass towards O, and let g be the constant force per unit mass. Then, 
taking the axis of z in the direction of g, 6°3 (2) is in this case 

dp =p(gdz—prdr), 


* Statics, pp. 188, 211. 
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the sign of the last term being negative because the force yr is opposite 
to the sense in which r increases. 

By integration we get p=C+gpz—4yupr’, 
where C is a constant, or 
| p=C+gp2— typ (2? +y? +2"). 

The surfaces »=const. are clearly concentric spheres. 


O 
0 o! at 
pr P 
P 
z g ss 


Alternatively, the same result may be obtained by a direct appli- 
cation of 6°21. Thus, if on Oz we take a point O’, such that 7.0O’=g, 
then O’ is a fixed point, and the resultant of the forces yr and g at P, i.e. 
of forces ».PO and ».O00’, is 4.PO’ in magnitude and direction. 
Hence at every point of the fluid the external force is directed 
towards a fixed point, and the surfaces of equi-pressure being ortho- 

_gonal to these radiating lines are spheres with centre 0’. 


(ii) A compressible liquid is at rest under gravity. Defining the com- 
pressibility, K, by the relation (p—po)/pyp = K (p—Po), where p and p are 
the density and pressure respectively, and p, and py refer to the free surface, 
and assuming K to be constant, shew that at a depth z below the free surface 


d 
a, = 9po{1+K (p—Po)} 


and that p=ppo eK Oper, 

A mine shaft has the same horizontal cross-section at all depths. It ts 
filled with water to a depth h. Shew that if the density of water were every- 
where equal to that at the surface, the water would rise in the shaft a distance 
£Kgp,h®. It may be assumed that K is small. [M. T.] 


Measuring z downwards from the free surface, since gravity is the 
only external force, from 6°3 (2) the pressure is given by 


0) eee (1). 
But P=pol{Lt+K (P—Po)} -veceecesseescesseeceees (2), 
therefore Ap|dz=Ypo{1 + K (P—DMo)} cseceeeseeeeerecenere (3). 


RH 7. 
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Again, from (2) dp=p)K dp, 
therefore from (1) dp=gK ppodz, 
or ae =gKpodz, 


whence by integration logp=C+gKpoz, 
and since p=p, when z= 0, therefore C =log py and 
log (p/po) =GKpo% OF p= po eX seseeeereeerers (4). 


For the second part of the question, let A denote the horizontal 
section of the mine shaft. Then the mass of water in the shaft 


h 
A, J pdz, 
0 
h 
and from (4) =Apy / eX9po- dz 
0 


=% (eXaeo — ]) 


oe ig (Kgpyh +4Kg*p,2h +...) 


=Apy(h+ 3K gpoh?), 
neglecting higher powers of K than the first. 
This shews that if the density of the water were uniform and equal 
to po, the total mass remaining the same, the depth of the water would 
exceed h by 4Kgpyh?. 


6-4, Gravitating matter. According to Newton’s law of 
gravitation two particles of masses m and m’ at a distance r 


, 


apart attract one another with a force yo where y is the 


gravitation constant, i.e. y is the force between two particles 
of unit mass at unit distance apart.* It follows that every 
distribution of matter produces a field of force, which is 
measured at any point by the resultant force on a particle of 
unit mass placed at the point. In the Theory of Attractions this 
field of force is calculated for different distributions of matter. 
For our present purposes, viz. applications to simple problems 
in hydrostatics, we shall assume some results first proved by 
Newton, viz. 


The attraction of a spherical shell of uniform density at points 
inside the shell vs zero and at points outside the shell is the same as 


if the whole of the mass were condensed into a particle at the centre. 
* Dynamics, p. 167. 
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Since a uniform solid sphere can be divided into uniform 
spherical shells, it follows that the attraction of a uniform 
solid sphere at an external point 
at a distance 7 from its centre is 
yM|r?, where M is the whole 
mass; or $yzpa3/r?, if a is the 
radius and p the density. 

For the attraction at an in- 
ternal point P at a distance r 
from the centre, a concentric 
sphere of radius r may be re- 
garded as dividing the matter 
into (i) a uniform shell to which 
P is internal and exerting no attraction at P, and (ii) a uniform 
sphere of radius r to which P is external and exerting an attrac- 
tion $yzpr3/r? or 4yzpr at P; so that the attraction at internal 
points is $yzpr and is independent of the radius of the sphere. 

6°41. Example. A uniform solid sphere of radius a and density p is 


surrounded by a concentric shell of gravitating liquid of outer radius b and 
density o, it is required to find the pressure at a point in the liquid. 


For the field of force in the liquid at a distance r from the centre, we 
observe that the shell of liquid external to the sphere of radius r exerts 


no force, and the matter inside the sphere of radiusr attracts as though 
collected at the centre, i.e. with a force 


y {4rrpa® + $210 (7? — a8)}/7? 


a® 
or Sym (p—o) 4 +4yr0r. 
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Hence from 6°8 (2) the pressure is given by 
3 
dp=—o {tym (p—o) oi + 4ynor| dr, 


: a 
or, on integration, p=C+4y70 {< p—o) a hort 5 


where C is a constant. If the pressure vanishes outside the liquid, then 
C is determined by the condition that p=0 when r=), so that 


p=4yno {(p-0) o (-5) =e) (2-0) é 


6-5. Liquid moving in relative equilibrium. Simple con- 
siderations shew that when a mass of liquid in motion is in a 
state of relative equilibrium, i.e. when the whole mass is 


moving as though it were a solid body, then the problem of _ 


determining the pressure is really a statical one. 

In the statics of a fluid at rest each element of the fluid is in 
equilibrium under the action of the external forces and the 
thrust of the surrounding fluid upon it. Denoting these forces 
by £& and 7’, in this case # and 7 balance one another. But 
when a liquid is in motion in the manner described above each 
element of mass m has a definite acceleration f, and the 
‘effective force’ mf is the resultant of all the forces acting upon 
the element, i.e. of the forces R and 7’. Consequently a force 
mf reversed in direction would balance R and 7’. Hence the 
problem may be regarded as a statical one if we regard the 
liquid as at rest and compound with the external forces R on 
any element the effective force mf of the element reversed in 
direction. The resultant thrust 7 of the surrounding liquid on 
an element of itself therefore balances the external force R 
and the reversed effective force mf. And the surface of equi- 
pressure through a point is nof now at right angles to R, as in 
6-21 (where 7' and RF were equal and opposite), but itis at right 


angles to 7’. This is obvious if we consider the liquid thrust on | 


a short cylinder of liquid whose axis lies in a surface of equi- 
pressure. The thrusts on the plane ends are equal and opposite, 
so that the resultant thrust 7’ must be at right angles to the 
axis of the cylinder; and this being true for axes in all directions 
along the surface of equi-pressure, it follows that 7' is normal 
to the surface. 

We will illustrate this theory by a simple example. 


Ss 


~ 


vey 
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6°51. Example. A tank of heavy homogeneous liquid is moved hori- 
zontally with uniform acceleration f. Find the pressure at any point. 


Let the acceleration of the tank be from left to right in the figure. 
Then the external force on an element of liquid of mass m is mg ver- 
tically downwards and its reversed effective force is mf from right to 


left. The resultant liquid thrust on the element balances the resultant 
of these two forces and therefore makes an angle tan-!(f/g) with the 
vertical. 

The surfaces of equi-pressure being at right angles to the resultant 
liquid thrust at every point are parallel planes making an angle 
tan-1(f/g) with the horizontal; and the free surface of the liquid is one 
of these surfaces of equi-pressure. 

We may then find the pressure at a point whose distance from the 
free surface is z, by drawing the perpendicular z to the free surface and 
describing a thin cylinder of cross-section « about this perpendicular, 


having a plane base parallel to the free surface. Then if p is the required 
pressure and II the atmospheric pressure, the difference of the thrusts 
on the ends of the cylinder is equal to the resultant of the forces f, g per 
unit mass acting upon it, or 

pa—Ta= pza/(f?+9"), 
i.e. PHTLF per/( F249") cecrccecscceesesacnvcees (1). 


Alternatively, we may use the equation 6°3 (2) if we include the 
reversed effective force f per unit mass among the ‘external forces’. 
Then, taking axes Ox, Oy as in the second figure, we have 
dp= —p(fda+gdy) 
and PH=C— plfEAGY) crcrcrcrcncncseecsvecees (2), 
where C is a constant. 
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Therefore the surfaces of equi-pressure are the planes fz + gy = const., 
so that, if fz + gy =c represents the free surface on which p = II, we have 


II=C—pe, 
PHT + p(C—fT— Gy) — rvresecsecscccesocees (3). 
Also, if z denotes the distance of the point (x, y) from the plane 
faergy=e,we have z= (o—fo—gy)Vift+9"), 
so that pat pev/(f?+9°), 
in agreement with (1). 


and, by eliminating C, 


6-6. Liquid rotating uniformly about an axis. Let a mass 
of liquid rotate with uniform angular velocity w about a 
vertical axis Oz. Then ata point , 

P at a distance r from the axis 
the acceleration of an element of 
the liquid is w*r towards the axis, 
so that the reversed effective force 
of an element of mass m is mwr 
away from the axis, and the ex- 
ternal force is the weight mg verti- 
cally downwards. The resultant 
liquid thrust on the element 
balances these two forces and 
therefore acts in a direction PG 
cutting Oz in G, and such that, by the triangle of forces, 


GN: NP=mg:mw’r, 
or CON 229 )00" ota p eee (1): 


Now by symmetry the surfaces of equi-pressure are surfaces 
of revolution about the axis Oz and the surfaces are everywhere 
at right angles to the direction of the resultant liquid thrust. 
Hence PG is the normal to the surface of equi-pressure 
through P and PN is an ordinate, and the surface has the 
property that the subnormal GN is constant and equal to 
g/w*. But the only curve having a constant subnormal is a 
parabola; and its subnormal is half its latus rectum. Hence 
the surfaces of equi-pressure are paraboloids of revolution, 
all of the same latus rectum 29/w?, and the free surface is one 
of these paraboloids. 
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To find the pressure at a point P, draw a vertical line PQ to 
meet the free surface in Q and about it describe a thin cylinder 
of horizontal cross-section «. Let M, N be the projections of 
P, Q on the axis Oz, and let O be the vertex of the free surface. 
Let p be the pressure at P and II the atmospheric pressure. 


The narrow cylinder meets the free surface in an oblique 
section of area «’, say; and the atmospheric pressure on this is 
Ila’ along the normal to the paraboloid. But « is the hori- 
zontal projection of «’, so this force has a vertical component 
Il«. The vertical thrust on the lower end of the cylinder in p«, 
and the difference between the vertical forces on the ends of the 
cylinder must be equal to its weight; so that 


pa=a+gpaPQ 


_ or p=Il+gpPQ. 
But PQ=N0+0M, 
and OM = MQ?/(latus rectum) 
=". N P?/2g, 
therefore p=W+gpNO+4pw?. NP?  .reseeeeeeee (2)9 


expressing the pressure at P in terms of the vertical and hori- 
zontal distances of P from the vertex O of the paraboidal free 


surface. 
It should be noted that if the level of P is above O, the 


second term in (2) will have a negative sign. 
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6:61. We obtained the results of 6-6 by elementary con- 
siderations—a rather tedious process but instructive as 
shewing how the separate terms in the expression for p arise. 
We shall now obtain the same results directly from 6-3 (2). 

Taking the notation of 6-6, the external force per unit mass 
is g in the negative direction of the axis Oz, and the reversed 
effective force per unit mass is wr in the sense in which r in- 
creases, therefore 


Ap = p(—Gd2+ wrd?) ....0s.cccserceees (1); 
and, by integration, p= C—gpz+fpwr? ....cecscecesseee (2). 


If the origin be the vertex of the free surface, then p = II when 
z=0andr=0, so that C=II, and 
p= Il —gpet spur? ..iccccccssseseees (3), 
agreeing with 6-6 (2). 
This result shews that the surfaces of equi-pressure have 


equations 29 
r°=—, 2+ const., 
(62) 


so that they are paraboloids of revolution of the same latus 
rectum 2g/w?. 

If the density of the liquid be not constant, equation (1) 
shews that, since dp is an exact differential, p must be a function 
of 4w?r?— gz, so that the same paraboloids of revolution are 
also the surfaces of equi-density. 


6°62. Examples. (i) Prove that, if a vessel of any form with a plane 
horizontal lid is just full of liquid of uniform density p and the whole 
rotates with uniform angular velocity w about a vertical axis, the thrust on 


the lid is apw?l, where I denotes the moment of inertia of the area of the lid 
about the axis of rotation. 


Take the intersection of the axis with the plane of the lid as origin O, 
let Oz be vertically downwards and let 7 denote distance from the axis. 


Then from 6°3 (2) dp =p(gdz+ w*rdr), 
so that p=C+gpz+ pwr? 


The vessel being “just full’ implies that there is a point at which a 
pressure vanishes. But the pressure is clearly least when r=0 and z= 


i.e. at the origin. So taking the origin to be the point of zero se 
we have C=0 and 
P=gpe+ tpwr? 


e930 
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Hence, since z= 0 on the lid, the pressure at points on the lid is 
P= tpa*r 

and the thrust on an element of area dA is $pw?r?dA, so that the whole 
thrust is tpwEr'dA or 4pw°l. 

(ii) A spherical shell of radius a is just filled with liquid of density p 
and the whole rotates with uniform angular velocity w about the vertical 
diameter. Find at what level the pressure on the shell is greatest and find 


the resultant thrusts on the wpper 
and lower hemispheres. 


Measure z downwards from the 
centre of the sphere. Let a be the 
radius and r denote distance from 
the vertical diameter. Then 

dp=gdz+w*rdr (63 (2)), 
so that p=C+g92+4w?7?. 
It is evident that p is least when 
r=0 and z= —a, i.e. at the top of 
the sphere. Taking p to be zero at 
the top, we find that C=ga, so 
that = »p=g(z+a)+4w%r...(1). 
But on the surface of the shell 
r? = a? —z?, so that 

p=g(z+a)+$w? (a? —2*). 

Then p has its maximum value 
when dp/dz=0, and d*p/dz* is 
negative; i.e. when 


g—wz=0, or 2=g9/w?. 

To find the thrust on either hemisphere draw the paraboloid of latus 
rectum 29/w? having its axis vertical and having A as vertex. Then this 
would be a surface of zero pressure, i.e. a free surface if the rotating 
liquid were continued in relative equilibrium above the sphere. Hence 
the thrust on the lower hemisphere CBD is equal to the weight of 
liquid which would fill the volume PCBDQ, between the hemisphere 
and the paraboloid. 

The latus rectum being 2g/w?, the height of PQ above A is a?w?/2g. 
Also it is easily proved that the volume of a paraboloid cut off by a 
plane perpendicular to its axis is half that of the cylinder of the same 
height on the same base, so the required volume is 

iP 3, Lmatw* 
a1? + 170 Be g > 
and the thrust on the hemisphere CBD is 


Sgpra* + tows. 
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The thrust on the upper hemisphere C'AD will be less than this by the 
weight of water in the shell, viz. 4gpza*, and is therefore 
tgp7a® + tprwat, 
(iii) A small cork of mass m and specific gravity o is tied by a fine string 
of length 1 to a point on the side of a vessel containing water. Prove that 
when the system is rotating in relative equilibrium with constant angular 


eke 1 
velocity about a vertical axis, the tension of the string 1s mig ( - 1) / h, 


where h is the height of the cork above the point of attachment. [C.] 


Let P be the cork and A the point of attachment of the string AP. 
It is evident that the string must exert a force in a plane through the 
axis of rotation because all the other forces acting on the cork lie in 
such a plane. Let AP meet the axis of rotation in G and let PN be per- 


pendicular to the axis. The thrusts of the surrounding water on the cork 
are the same as they would be on the water displaced by the cork. But 
its mass is m/o and it would be in relative equilibrium under the action 
of its weight mg/c, the reversed effective force mw?NP/c and the 
resultant thrust of the surrounding water. Hence the resultant thrust 
has components mg/o vertically upwards and mw*PN/o towards the 
axis. Hence the cork is in relative equilibrium under the action of its 
weight mg, its reversed effective force mw?NP, the foregoing com- 
ponents of thrust and the tension 7 of the string. Hence T balances an 


upward vertical force mg € - 1) , and a horizontal force towards the 
Co 


axis mw*PN og 1) . Hence if the string makes an angle @ with the 


ti 
ee T cos 0=mg ( — 1) RGINaI cia elas meee Donen (1) 


and T sin 0=mo2PN é Ms 1) See iets ten (2). 
oO 
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From (1), we get 7’'=mlg ¢- 1) /n as required; and from (1) and (2) 


tan 0=w*PN/g, but tandé= PN/NG, therefore NG= La , so that G is 
(60) 


. the foot of the normal to the surface of equi-pressure through P, or 
the string is normal to the surface of equi-pressure. 


(iv) A rigid spherical shell is just filled with homogeneous gravitating 
liquid and the whole rotates with uniform angular velocity w about a 
diameter. Find the resultant thrust on the half surface of the shell bounded 
by the equatorial plane. 


Let a be the internal radius of the a 
shell and p the density of the liquid. 
At a point P at a distance r from the 
centre O and at a distance 7’ from the 
axis of rotation Oz, there is a gravi- 
tational force per unit mass 4yzpr 
towards O (6°4), and the reversed pa 
effective force per unit mass is wr’. 
Therefore from 6°3 (2), 
dp =p(—4yzprdr + wr’dr’), 
and, by integration, 
p=C—Bymp*r? + tpw?r”? ...(1). 
From this result it appears that the 
pressure is least when 7 is greatest and 
r’ least, and this is at the ends of the 


fixed diameter, where 7’=0 and r=a. 
Taking p to be zero at these points, we have C = }yzp*a*, and therefore 


pa=Rymp? (a2®—7?) + Epa 7? ..rcsceceseeveeees (2). 
At points on the surface of the shell we have 
p= pwr; 


indeed we might have foreseen that the gravitational force would 
contribute nothing to the thrust on the shell. 

On the sphere we have 7’?=a?sin?@, and resolving parallel to Oz 
the force on each narrow zone of the upper hemisphere, we have for the 
resultant thrust 


5 
| "daa? sin 6 cos 0. 4pwa? sin? 0d0 = 47pwat. 
0 


(v) A cylindrical can, of radius a, with its axis vertical, contains water 
to height h. Itis rotated about its axis and given a horizontal acceleration f. 
Assuming that the spin is just sufficient not to uncover any point of the 
base and that the can is sufficiently high for none of the water to spill, shew 
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that af is less than both a?w* and V 29h, and that the spin w satisfies the 
Cog aa Agh = a®w? + 2f2/w?. [I.] 


Let the direction of the acceleration f be from right to left in the 
figure. Take rectangular axes with the origin O at the centre of the base, 
Oz along the axis of the cylinder and Oz in the direction of f reversed. 


Then there is relative equilibrium under the action of gravity and 
reversed effective forces f in the direction Ox, and w*r radially. So that 
6°3 (2), in this case, gives 


dp=p{—gdz+fdx+ w*rdr}, 


and on integration F = C—gz+ fet 4twr?, 
or, since r?=4? + y?, 
2 D4 2 
P=C+4o"{(«+ 5) +p 22-5, sae oomaues (1). 


Since the base is just not uncovered we suppose that the free surface 
p=lIl touches the base. This will be so at the point (—f/w?, 0,0) if 


2 
= pie + a , and provided the point lies within the base, i.e. if 
ai p 
fGen nadaiuesene eee (2). 
poe Praia: 2g 
Then ae = tu? {(#+4) +y— =e sroisiolssiele aerniaes (3). 
Hence the equation of the free surface is 


(w+ 5) ty aa (4). 
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This is a paraboloid of revolution about an axis parallel to that of the 
cylinder at a distance f/w? from it. 

Wenow find the equation for w by expressing the fact that the volume 
of the cylinder below this paraboloid is the original volume of liquid 
nah, 


Hence nra*h = fjedxdy, 


where z has the value given by (4), and the integration is over the base 
of the cylinder. 


w 2fa H 
Therefore nah = 3g | | (@ + + 2 a ) da dy. 


But when integrated over a circle of radius a with the origin at the 


centre 
Sja?da dy = Sly?dady = jtra4, 


being moments of inertia about a diameter: also 
SJadcedy=0 and ffdxdy=na*. 


2 2 2 2 
ae afer fi5 a 
Hence 7a VE ([+4+ z)* 
or 4gh = a? w? + 2f?/w?. 


Since this may be written 
2 
4gh= (aw -v2) +24/2af, 


this requires that af should be less than »/2gh, and we have seen in (2) 
that af must also be less than a*w?. 


EXAMPLES 


1.‘ Asquare lamina is immersed with its plane vertical and its centre 
of gravity at a given depth in a liquid whose density varies as the depth. 
Prove that the magnitude of the resultant thrust on the square is 
independent of the inclination of a side of the square to the surface of 
the liquid. [I.] 


2. A cylindrical bucket, containing water, is raised vertically with 
a given constant acceleration. Determine the pressure at any point in 
the liquid. 

A cork is held, completely immersed in the bucket, by a string tied 
to the bottom; find the tension of the string. [I.] 


3. A barometer is suspended freely from the roof of a railway car- 
riage which is at rest on a slope of inclination f. If the carriage be now 
allowed to run freely down the slope, shew that the barometric reading 
is increased in the ratio sec 8: 1, but that if the barometer be fixed at 
right angles to the floor of the carriage, then there will be no alteration 
in the barometric reading when the carriage moves. [M. T.] 
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4. A hollow sphere half filled with water is moved with constant 
acceleration in a horizontal straight line. When the contents are in 
relative equilibrium, find the pressure at any point. [C.] 


5. A right circular cone with its axis vertical and vertex upwards, 
just full of heavy fluid of uniform density p, is moved horizontally with 
uniform acceleration f. Shew that the resultant pressure on the base is. 
the greater of the two quantities 7gpr2h and xfpr*, where h is the height 
of the cone and 7 the radius of the base. [M. T.] 


6. A circular cylinder of radius r, whose axis is vertical, is filled to 
a depth h with homogeneous liquid of density p. A piston of weight 
agpar2, which works in the cylinder without friction, is placed on the 
top of the fluid. Shew that, if the cylinder and liquid rotate about its 
axis with gradually increasing angular velocity w, the piston will 
begin to rise when wr=2V ga. [I.] 


7. Asphere of 6 inches radius floats in a rotating fluid of four times 
its density, and the surface of the fluid meets it along a great circle. — 
Find the angular velocity of rotation. (ts) 


8. A hemispherical shell of radius 2a containing water rotates with 
an angular velocity V 29/3a about its axis which is vertical; a sphere of 
radius a rests on the water with its lowest point in contact with the 
shell without pressing on it. The free surface of the fluid passes through 
the rim of the shell. Prove that 


density of sphere: density of water= 3:8. ee] 


9. A circular cylinder of radius a floats in liquid at rest with its axis 
vertical and a length h unimmersed. Shew that, if the cylinder is 
sufficiently long, it will float in equilibrium with its upper rim in the 
surface provided that the liquid is made to rotate with angular velocity 
24/(gh)/a. [M. T.] 


10. A hollow circular cylinder of radius 7, height h and effective 
specific gravity o, floats in water which is rotating round a vertical axis 
coincident with the axis of the cylinder; and the cylinder is open at its 
upper end. Shew that the maximum angular velocity w of the fluid so 
that the cylinder shall not sink is given by 


rw? =4gh(1—c). ry 


11. A cylinder of radius a is filled with water to a depth h. A fine 
vertical tube is at distance d (>a) from the axis of the cylinder and 
communicates with the bottom of the cylinder. If the whole is made to 
rotate uniformly about the axis of the cylinder, shew that the angular 
velocity w necessary to make the water rise in the tube to a height 
above the bottom of the cylinder is given by 


w? (d? — a2/2) = 29 (w—h). [I.] 
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12. A tube of small uniform internal section is in the form of an 
ellipse having its major axis vertical. If the tube be only just filled with 
liquid whose density at any point varies as the nth power of the distance 
from the upper focus, shew that the greatest pressure in the liquid 
exceeds the least by goa[(1+e)"*t—(1—e)"*4]/(n+ le, where oa is 
the density at the extremity of the minor axis, e the eccentricity of the 
ellipse and 2a the length of the major axis. [MDs 


13. A uniform semicircular closed tube of radius r is tightly filled 
with equal volumes of two fluids of densities p and o respectively which 
do not mix, and is rotated with angular velocity w about a vertical 
radius making an angle « with the line of symmetry. Prove that the 
pressures at the two ends will be equal if 


wr ae Fine de p 

Og 7 cosa + sin « cos & — sin a” 
the fluid of density o being the lower of the two, and the convexity of 
the tube being downwards. [M. T.] 


14. A liquid whose density is proportional to the depth contains a 
uniform rod whose density is equal to that of the fluid at a depth equal 
to half the length of the rod. What are the possible positions of equi- 
librium ? [C.] 


15. Prove that, if a circular area of radius a is immersed with its 
centre at depth h in a liquid, in which the density varies as the depth, 
the plane of the area being vertical, the centre of pressure is at depth 
2a*h/(a? + 4h) below the centre of the circle. 


A hemisphere, fixed with its plane face vertical, is filled with fluid, 
in which the density varies as the depth below the highest point of the 
hemisphere. Shew that the resultant thrust on the curved surface 
makes an angle tan-! (1%) with the vertical. 


16. Acylinder containing water is rotating round its vertical axis at 
such a speed that the cylinder is half empty and the bottom is just un- 
covered. Prove that the volume of liquid left in the cylinder if it rotates 
uniformly at a higher speed varies inversely as the square of the 
angular velocity. 


17. If a circular cylinder of unit length is filled with a heterogeneous 
fluid, and the whole rotates in relative equilibrium with given uniform 
angular velocity about the axis, under the action of no external force, 
prove that the difference between the pressure at points on the curved. 
surface and that at points on the axis of the cylinder is proportional to 
the mass of fluid contained. [1.] 


18. A rectangular lamina of which the sides are 2a and 2b is com- 
pletely immersed in water which is rotating about a vertical axis with 
uniform angular velocity (ng /b)?; the plane of the lamina is vertical and 
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one of its sides (2b) touches the surface lof the water at its lowest point, 


the point of contact being the middle point of the side, and the lamina 
rotates with the same angular velocity as the water. Shew that the 
depth of the centre of pressure of the lamina is 


a(8a+6h+nb)/(6a+ 6h+nb), 
where h denotes the height of the water barometer. [M. T.] 


19. A fine straight tube of length J, closed at both ends, and inclined 
to the vertical at an angle «, is just filled with liquid of density p. If the 
tube is rotated with uniform angular velocity w round a vertical axis 
through the lower end, prove that the pressure at the highest point is 


$pw? sin? a (l—g cos «/w? sin? «)?, 
provided that w*>gcos«/lsin? «. What is the pressure when w? is less 
than this value? [M. T.] 


20. A sphere of radius a floats completely immersed with its centre 
in the common surface of two liquids which do not mix contained in a 
cylinder of radius r. Find the angular velocity with which the system 
must rotate uniformly about the axis of the cylinder so that the radii 
of the sphere drawn to its intersection with the common surface of the 
liquids may be inclined to the vertical at an angle of 60°; and shew that 
the sphere will be depressed through a space (447? — 39a?) /54a, provided 
that it remains completely immersed. [I.] 


21. A circular cylinder of radius 7 contains water, and a piston 
closely fitting the cylinder rests on the surface of the water. The whole 
is made to rotate with uniform angular velocity w about the axis of the 
cylinder, which is vertical. Shew that, provided w?7?>4g(b+h), the 
height x, through which the piston rises, is given by the equation 

{49 (wv —b—h) 4+ w?r?}? — l6gw?r?2a = 0, 
where h is the height of the water barometer and 6 the length of that 
column of water in the cylinder whose weight is equal to that of the 
piston. [M. T.] 


22. Arectangular box, full of iquid of density p, slides down a rough 
inclined plane whose coefficient ‘of friction is ». Shew that the lid, 
whose weight is w, whose edges are of length a and 6 and which can turn 
freely about its lower edge of length 6, will not open unless 

gppab (2a sin «+ 3b cos «) > 6w, 


where « is the angle which the line of the hinges makes with the line of 
greatest slope on the plane. [M. T.] 


23. A hollow sphere of radius a, half filled with liquid, is made to 
rotate with angular velocity about its vertical diameter. If the lowest 
point of the sphere is just exposed, shew that 


29 =aw? (2— 2/4). [M. T.] 
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24. A compressible liquid, at rest under gravity, is such that 


P— Po= Kpo(P —Po)» 

where « is a constant, p and p are the pressure and density at any point, 
and py and p, are their values at the free surface. Prove that, ata depth 
z below this surface, 2 KO poz 
Bis POE 
A right circular cone floats in this liquid with its axis vertical and its 
vertex ata depthh; prove that, if the density of the liquid were constant 
and equal to py, the depth of the vertex would be h+ ys*gpo h? approxi- 

mately, if « is small. (I. 


25. A thin circular tube of radius a rotates uniformly about a 
diameter which is vertical: a length s (less than a7) of the tube is filled 
with water. Shew how to determine the position of stable equilibrium 
of the water relative to the tube, when the square of the angular velocity 


E g s 
is greater than an’ 3a" [I.] 


26. A cylinder of radius 6 and altitude h floats in a volume Q of 
fluid at rest in a fixed cylinder of radius a, the axes of both cylinders 
being vertical. Shew that the distance c between the lowest faces of 
the two cylinders is given by 7a7b?c= Qb?—V (a? —b?), where V is the 
volume of fluid whose weight is equal to that of the floating cylinder. 


Given that the cylinders have the same axis, find the angular velocity 
w with which the system must rotate about that axis in order that the 


2 
lowest faces may be infinitely close, and prove that Oo= es if + 


is less than either 16 Hay oe [M. T.] 
ab" arb 

27. Asphere of fluid, whose density p ata distance r from its centre 

sin kr 

Oder’, 

Prove that the pressure at distance r from the centre is 


varies as , is self-attracting according to the law of gravitation. 


2a 

ae (p?—p1”)s 

where p, is the surface density of the sphere and y is the constant of 
gravitation. 


28. A spherical vessel is just filled with heavy liquid, the particles 
of which attract one another according to the law of gravitation. If 
the pressure at the highest point vanishes, shew that the resultant 
thrust across a vertical diametral plane is 

ag pa® Ae dapat, 
where a is the radius, p the density and y is the constant of gravitation. 
[1.] 
8 
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29. A heavy liquid rotates with uniform angular velocity w about 
a vertical axis. A solid particle P denser than the liquid is attached by 
a light string of length I to a point on the axis, so as to be completely 
immersed and at rest relatively to the liquid. Prove that the string is 
normal to the surface of equipressure through P, and that if l>g/w?, 
the stable position of relative equilibrium is that in which the string 
is inclined to the vertical. [M. T.] 


30. A vessel in the form of aright circular cylinder, containing water, 
is rotated uniformly about a generator, which is vertical, with such an 
angular velocity that the bottom is just covered. Prove that the rim 
of the surface of the water is an ellipse. And, if a plane be drawn through 
the axis of rotation and the axis of the cylinder, prove that the resultant 
pressure at right angles to this plane, upon the curved surface of the 
cylinder cut off by this plane, is }wah*, where w is the weight of unit 
volume of the water, a the radius of the cylinder and h the greatest 
depth of the water. (M. T.] 


31. Prove that, if a mass of homogeneous liquid rotates about an 
axis and is acted upon by a force to a point in the axis, varying in- 
versely as the square of the distance, the curvatures of the meridian 
curve of the free surface at the equator and pole are respectively 
1/a(1—m) and (1—mb3/a*)/b, where a and 6 are the equatorial and 
polar radii, and m is the ratio of the centrifugal force at the equator to 
the attraction there. [M. T.] 


ANSWERS 


2. IL+(g+/) pz, at depth z; where f is the acceleration. 
W (1+f/9) (1—s)/s, where W is the weight of the cork and s its 
specific gravity. 
4. pz1/(f?+ 9"), where f is the acceleration and z the distance from 
the free surface. 
7. 24/(g/3a), where a is the radius, or 8 1/2 radian per second. 
14, Horizontal or vertical with the middle point of the rod at a depth 
equal to half itslength. . 
19. tpw* sin? « (J? — 2gl cos a/w? sin? x). 20. +/(88g/27a). 
25. The stable position is that in which the centre of the water is at an 


angular distance cos (4 sec =| from the vertical diameter. 


Chapter VII 


PRESSURE OF GASES. THE ATMOSPHERE 


7-1. Torricelli’s experiment. The barometer. In 1643 
Evangelista Torricelli, a pupil of Galileo, performed a simple 
experiment to demonstrate that the air has weight. A glass 
tube AB about 3 feet in length, closed at one end and open at 
the other, is filled with mercury. The tube 
is then temporarily closed and inverted 
and reopened with its lower end B below 
the surface of a dish of mercury. The 
mercury then sinks in the tube, leaving a 
vacuum AP at the top, but its upper 
surface P remains at a height of about 
29 inches above the level Q of the 
mercury in the dish. 

Since, by 2:2, the pressure at the level 
Qis the same inside and outside the tube, 
and the pressure inside is due to a depth 
PQ of mercury, i.e. goPQ, where o is 
the density of mercury, therefore there 
must be an atmospheric pressure of this 
amount on the freesurface of the mercury 
in the dish, and this pressure is due to the 
weight of the atmosphere. 

Such an apparatus for measuring the pressure of the atmo- 
sphere constitutes the simplest form of Barometer. 

Other liquids than mercury might be used, but mercury isthe 
most convenient because of its high specific gravity—roughly 
13-6. If waterwere used, the tube would need to be at least 13-6 
times as long as for mercury, i.e. about 35 feet in length. 

Since the density of mercury and of measuring rods change 
with the temperature, account must be taken of the tempera- 
ture at which observations are made in attempting to deter- 
mine accurately the atmospheric pressure. 
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7.2. Relations between pressure, density and tempera- 
ture. The pressure, density and temperature of a given mass of 
gas are mutually related, and the relations are expressed by 
two laws which can be confirmed by experiment and are found 
to be true in a wide range of circumstances. 

(i) Boyle’s Law.* If the temperature of a given mass of gas 
is constant, the pressure varies inversely as the volume: or 

pv=const., 
where p denotes the pressure and v the volume. 

(ii) Charles’s Law.{ If the pressure of a given mass of gas 1s 
constant, the volume increases by a definite fraction of the volume at 
0° C. for every degree centigrade by which the temperature is raised. 

Hence, if vy be the volume at 0° C. and v the volume at Us 
then v= (1+at), 
where « is a definite fraction. For air and most gases « is 
approximately 373- 

Since the mass is constant, if p denotes the density, we have 

pv=constant. 

Hence, by combining the laws (i) and (ii), when the pressure, 
density and temperature all vary, we have 

PHp (LA ah)..ccrceecesenseesevoeees (1), 
where k is a constant depending on the nature of the gas. 


7-21. It must be remarked that the laws embodied in 7:2 
are not absolute, in the sense of holding good for all ranges of 
temperature and pressure. A ‘perfect gas’ is an ideal substance 
for which the gaseous laws are assumed to be true for all 
ranges. On this hypothesis the pressure of a given mass of gas 


of constant volume would vanish at a temperature (- ‘) "03 
a 


ie. at — 273°C. 

This temperature is called the absolute zero and tempera- 
tures measured from this point are called absolute tempera- 
tures; i.e. the absolute temperature corresponding to ¢° C. is 


273 +1. 
* Discovered by Robert Boyle in 1662. 
{ Discovered by J. A. C. Charles in 1787. 
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We may now write 7-2 (1) in the form 
1 
p= kap (7 Se ) 3 
or Wi FOB E we cwancocctess sswsa ams «acces (1), 


where 7’ is the absolute temperature and FR is a constant 
depending on the nature of the gas. 
An equivalent form of the same relation is 


= EBOUDEESNG. crs sascosceccsemacsas (2), 


where V denotes the volume of the given mass of gas. 


7°22, Examples. (i) The tube of a barometer rises to 34 inches above 
the mercury in the trough, and the mercury column is 80 inches high. Find 
what changes are produced in the height of the column by the following 
operations performed successively: 

(1) As much air is allowed to rise through the mercury as would, at 
atmospheric pressure, occupy 2 inches of the tube ; 

(2) A rod of iron whose volume equals that of 5 inches of the tube is 
allowed to float to the top of the mercury column. 

[Take specific gravity of mercury to be 13-5, and that of iron to be 7°5.] 

: [M. T.] 


(1) Let x be the length AC of the tube occupied by air. Then by 
Boyle’s Law the pressure of this air = 30 x 2/x inches of mercury 

= 60/2 inches. 

But the mercury now stands at a height CB= 34 —z inches; and the 
pressure of the air in the tube AC plus the pressure due to the column 
of mercury CB is equal to the atmo- A A 
spheric pressure at B; so that 

60 
x 
or a2—4x2—60=0; 
therefore x = 10 inches; i.e. the mercury 
falls to 24 inches. 


(2) Let «=cross-section of tube and 
B=cross-section of iron rod. Then, if / 
inches is the length of the rod, /B = 5a. 
Also the volume of iron immersed in 


+ 34—2=30, 


mercury = oe 1g =81p; and the volume 


unimmersed = 4/8 =4?«. 
Suppose that the mercury now stands 
at a level 34—y inches; then the volume 
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occupied by air =(y—2°) «, and the pressure of the air = 60/(y—*>). 
Then, by equating the pressure at B in the tube to the atmospheric 


pressure, we have 540 


or 540+ (9y — 20) (4—y) =0; 


which gives y=108 approx., so that the mercury now stands at 
234 inches. 


(ii) A bent tube of uniform bore, the arms of which are at right angles, 
revolves with constant angular velocity w about the aais of one of its arms, 
which is vertical and has its extremity immersed in water. Prove that the 
height to which the water has risen in the vertical arm is 


TI (1 —e-"@'12%) jg, 
a being the length of the horizontal arm, II the atmospheric pressure, p the 


density of water, and k the ratio of the pressure of the atmosphere to its 
density. 


Reversing the effective force as in 6-61, the equation for the pressure 
of the air in the horizontal arm AB is, from 
6°3 (2), dp =p’ w*rdr, B A 
where 7 denotes distance from the axis of rota- 


tion and p’ the density of air. 
But p=kp’, so that 


dp _ wr D 
ra es WE i 
and this gives on integration | 
aoe i 
logp=C+ “OR i 
But at the open end of the tube where r=a - | 
the pressure p is II; hence he Ch 4 
wa 
log II=C+ “Oh 
2 
and log = = 57, (0-1). 


Consequently the pressure at B, where r=0, is given by 
p=Te-#'a"l2k, 


This is the pressure in the vertical arm, and if there is a column of 
water DC of height h in the tube, since the pressure at C is atmospheric 


ressure, we have 0, 
: gph + We-0"'@"/2k — TT 


or h=Il(1—e-W'@* 2k) jg, 
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7-3. Mixtures of gases. Let two closed vessels of volumes 
V, V’ contain two different gases at the same pressure p and 
temperature ¢. If communication is opened between. the 
vessels the gases diffuse into one another and, if no chemical 
action takes place, they become completely mixed and the 
mixture has the same pressure p and temperature ¢ as the 
constituent gases. This experimental fact enables us to deduce 
that if two gases at the same temperature when placed separately 
in turn in a vessel of volume V are at pressures p, p’, then when 
they are placed simultaneously in the same vessel the pressure of 
the mixture is p+p’. 

Consider the gases separately. Let the first have its volume 
altered so that its pressure changes from p to p’. By Boyle’s 
law its new volume is pV /p’. The two gases are now both at the 


same pressure p’ and have a total volume v(3+ 1) . They 


may now be allowed to mix as above without change of total 
volume or pressure, and the product of the volume and pres- 
sure is now V(p+p’). If the volume of the mixture is now 
reduced to V, it follows from Boyle’s law that the pressure 
becomes p+’. 

A similar result clearly holds good for a mixture of any 
number of gases at the same temperature. 


7°31. To prove that, if volumes v1, Vz --- Un of gases at pressures 
Pi» Po +++ Pn and absolute temperatures ty, te ... ty, are mixed without 
chemical change and V, P, T denote the volume, pressure and absolute 
temperature of the mixture, then 
ae vp 
wis x ac 
Making use of 7°21 (2), let us suppose that the volumes and absolute 
temperatures of all the different gases are changed to V and 7’; then 
their corresponding pressures are 
T 1p, T Pe Jy UnPn 
VP ty OV te 
Now while the temperatures remain 7’, let the constituent gases be 
mixed in a single vessel of volume V; then by 7°3 the pressure P of the 
mixture is the sum of the pressures of the constituents, so that 
T (Vy P1 , V2Pe2 UnPn 
Ce ae 
VPS 
or TT = 


es 
it 
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7-4, Vapours. As stated in 1-14, by increasing the pressure 
and decreasing the temperature all gases can be liquefied, but 
for each gas there is a critical temperature above which no 
amount of pressure will cause liquefaction. 

When the temperature of a gas is above its critical tem- 
perature, it is called a permanent gas and it then obeys fairly 
closely the laws of Boyle and Charles. 

When the temperature of a gas is below its critical tempera- 
ture it is called a vapour; it can then be condensed into a 
liquid by a sufficient increase of pressure. Vapours are formed 
by the evaporation of liquids. This may take place by a process 
so slow as to be imperceptible, or rapidly as when a liquid such 
as water boils. In this case bubbles of vapour form inside the 
water, rise to the surface and burst, the pressure of the vapour 
given off being equal to that of the surrounding atmosphere. 

A vapour is said to be saturated when in contact with the 
liquid from which it is given off and in such a state that the 
slightest increase of pressure or decrease in temperature 
causes some of the vapour to condense into liquid. 


7°41. If, for example, water is contained in a 
cylinder fitted with a piston, evaporation will take 
place until the space between the piston and the sur- 
face of the water is filled with vapour at a pressure 
which depends only on the temperature. Evaporation 
ceases when the vapour is saturated. If, when this stage 
is reached, the volume is diminished by pushing in the 
piston and there is no change in temperature, the 
pressure of the vapour remains unaltered so that 
some of it must be condensed into liquid. 

If the temperature rises, more evaporation will take 
place and the saturated vapour will have a higher 
density and pressure. 


7°42, Example. A gasmixed with a saturated vapour 
is at a pressure p. It is then compressed without change 
of temperature to 1/nth of its former volume and the 


pressure is observed to be p,. Determine how the original pressure is 
divided between the gas and the vapour. 


Let « be the original pressure of the gas. Then p—z is the pressure 
of the vapour, and this remains unaltered during compression, because 
at constant temperature the pressure of a saturated vapour is in- 
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dependent of its volume. But owing to compression the pressure of the 
gas becomes nz, so that 


ne+p—-xL=Py- 
Hence Pa oc Sa 2 as 
Clint and p—2x eT 


give the original pressures of the gas and the vapour. 


7-5. Specific heats. The capacity of a body for heat may 
be defined as the quantity of heat required to raise the 
temperature of the body by one degree. 

The specific heat of a gas is the quantity of heat required 
to raise the temperature of a unit of mass of the gas by one 
degree. But this definition is incomplete until the condition 
under which the change takes place has been specified. The 
alternatives are that either the volume or the pressure may be 
kept constant during the change. In the former case we have 
the specific heat at constant volume and denote it by c,, and in 
the latter case we have the specific heat at constant pressure 
and denote it by c,. 

Thus, if dQ is the quantity of heat required to raise the 
temperature of a unit of mass of gas by a small amount dt when 
its volume is kept constant, then 


AQ H=Cyh  ecrerscsererserscerores (1); 
or, alternatively, when its pressure is kept constant, 
DQ = Cyt -reecerreccccncnererrees (2). 


It is evident that c, is greater than ¢,, for the imparting of 
heat will increase the pressure unless the gas is allowed to 
expand, so in the second case heat is required not only to raise 
the temperature but also to expand the gas. This will be proved 
in the following article. 


7-51. Internal energy of a gas. A given mass of gas con- 
tains an amount of energy which depends on the motion and 
configuration of its molecules. The difference between the 
amounts of energy in two given states of the same mass 
depends only on those states and not on the mode of passage 
from one to the other. If H denotes the difference between the 
amounts of internal energy in an assigned state and in some 
standard state, then dH is an exact differential of a function 
determined by the state of the gas. 
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The state of a mass of gas depends of course on its volume, 
pressure and temperature, and these are not independent but 
connected by the relation of 7-21 or some similar ‘equation of 
state’. 

The first law of thermodynamics may, for a gas, be expressed 
in the form dQ =d Hpdo CA (1), 


ie. the heat imparted is equal to the increase in internal 
energy plus the work done in expansion. ' 

Now let us limit our considerations to a perfect gas, for 
which pv= RT (7-21), and take it as an experimental fact that 
for such a gas # is a function of 7 alone. 

First let the volume be kept constant while a quantity dQ 
of heat is imparted. Then, putting dv=0 in (1), we have 
dQ) =dE; but, from 7:5 (1), 

dQ=c,dT, 
therefore dH=c,dT, or c¢,=dH/dT. 


Since £ is a function of 7’ alone, therefore ¢, is a function of 
T alone. But it is found experimentally that for permanent 
gases at all but very high and low temperatures c, is inde- 
pendent of 7’; therefore c, is a constant, and (1) may now be 


written dQ=c. dF ppde Ra ie (2). 
But, by hypothesis, pv= RT, 

so that pdv+vdp=RdaT 

and (2) becomes dQ=c,d7+ RdT—vdp ........0..0005 (3). 


It should be observed that equations (2) and (3) are true generally, 
irrespective of whether the volume is constant or not. For though we 
supposed dv = 0 in the beginning of the proof, the only purpose of this 
was to calculate dH/dT which depends on T alone. 


Now suppose that the pressure is kept constant while a 
quantity dQ of heat is imparted. Then by substituting in (3) 
from 7-5 (2) and putting dp =0, we have 

c,dT =c,dT + RdT, 
or ed 2 6 tere BAS See es (4). 

It follows that for a perfect gas c, is also a constant and, as 

stated in 7°5, c, is greater than c,,. 
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7:6. Adiabatic changes. When a change of state takes 
place in a gas without any gain or loss of heat, it is said to be 
an adiabatic change. | 


In this case, writing dQ =0 in 7:51 (2), we have 
O=C, AT APA .cccescrcesoreassecee (1). 
But, for a perfect gas pv = RT and from 7:51 (4) 
R=c,—Cy, so that pu=(c,—¢,) T 
and pdu+vdp = (Cy—Cy)AT  srseeereereeees (2). 
Whence, by eliminating d7' from (1) and (2), 
pdv+vdp+ (2 1) pdo=0, 


2) 


or oS oe ae ae =0. 
Ye ai 
This gives, on integration, 
pov =comstant ......sereeeerereeees (3), 


where y denotes the constant ratio of the specific heats c,/c,. 
The numerical value of this constant is about 1-4, but it varies 
slightly for different gases. 

Relation (3) represents the law of adiabatic expansion; i.e. 
the relation between the pressure and volume of a mass of gas 
when no heat is imparted or lost. 


7°61. Indicator diagrams are graphical representations of the 
state of a gas in which the ordinates denote pressure and the abscissae 


denote volume. 
On such a diagram, for a perfect gas, isothermal lines, or lines of 
constant temperature, have equations 


pv =constant; 
and adiabatic lines, or lines of constant quantity of heat, have equations 
pv’ = constant. 


Since y> 1, it is easy to see that the adiabatic lines are steeper than 
the isothermals at their points of intersection. 

The adiabatic law is assumed to hold good in all changes which take 
place so rapidly that there is no time for the transference of heat, as for 
example in the sudden expansions and condensations of air which 
constitute sound waves. 
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7-62. Work done in compressing a gas. Let v denote the 
volume of gas when its pressure is p, and let there be an external 
atmospheric pressure II on the surface of the containing vessel. Let 
dS denote an element of this surface, then if this element undergoes 
an inward displacement through a normal distance’ dn, the external 
work necessary to overcome the opposing pressure is 


(p— II) dSdn. 


And, summing for all elements of the surface which undergo displace- 
ment, the work needed is (p=) Ddsdn 


But XdSdn denotes the decrease in volume due to the displacement 
of the surface, i.e. — dv; so that the work required to reduce the volume 
by this amount is = (pil) de; 


and if the volume is to be reduced from V to V’ the work required 


=-["(p- Ta Be fife se) Sek Sek (1). 


(i) Let the change take place isothermally; then pv = C, and the work 


V 


= Clogy,—-U(V—V’) 


= PV log ¥,—1(V-V’) Nebesideeaenten erwce (2), 
where P denotes the initial pressure. 


| (ii) Let the change take place adiabatically; then in (1) pv’=C, and 


the work "7/0 
Vv 2) 
OC 1 ] , 
= (pram 5) ~Il(V—-V’) 
PV 1 1 , 
= (pra*pa) “IP arine ase (3). 
If P’ denotes the final pressure, then PV’= P’V’”, so that the work 
done 
_ P’V’—PV : 
oo Se ea Sinasis tatietoeetoanteeen (4), 
and if 7’, T’ are the initial and final absolute temperatures 
PVE Ve 
ar pe ee 
so that the work is also 
TT — . 
fg pot ae aS atta aes Gasset rtes (5) 
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tt should be noted that the work calculated in case (i) will not be 
entirely stored up in the internal energy of the gas, because there will 
be a loss of heat as the volume decreases, as is evident from 7°51 (1). 

7-1, Pressure in an isothermal atmosphere. Measuring 
z vertically upwards, the pressure equation (6-3 (2)) is 


Ap = —GPdz wreeeerersseerererees pala 
where 7, p denote pressure and density at a height z. 
Let 9, po denote the pressure and density at z= 0; then ina 


state of constant temperature 


p=kp and po=kpo, 


so that at 
p k 
or log p= 0 —Faz. 


If H be the height of a homogeneous atmosphere of density 
po that would produce the pressure py, we have 


Po=Ipoll, so that k=g9H, 
and at i ee (3). 
It is evident that this formula also gives an expression for 
the difference in level z of two stations in terms of the atmo- 
spheric pressures at the stations. 


771. We get a different result if we allow for the difference in the 
value of the earth’s attraction at different heights above its surface. 
Thus, if g be the measure of gravity at sea-level, and r the earth’s radius, 
the value of gravity at a height z is gr?/(r +z). Hence instead of 7°7 (1) 


we have 2 
_ _ gpt dz 
dp= Ene a (1), 
and, with the relation p= kp as before, 
dp gr>dz 


pn kee 


gr 
so that logp=O+ Fry)" 
Putting p=py) when z=0 gives 
log Pp=C+ t r 
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eh MESS 
and aa Ye Rese 
2308 TZ 

or ppg OPEL 25 OP any ee (2). 


7-8. Atmosphere in convective equilibrium. The tem- 
perature of the atmosphere is not uniform but diminishes 
slowly as the height above the earth’s surface increases. In an 
atmosphere at rest conduction would tend to equalize tem- 
perature but it would be a very slow process, and in the real 
atmosphere wind and convection currents are continually 
changing the state. Lord Kelvin suggested that a state of 
convective equilibrium is a much better working hypothesis 
than an isothermal state; where by ‘convective equilibrium’ 
is implied a state in which, if equal masses of air at any two 
stations were interchanged, each would assume the pressure, 
density and temperature of the other; so that the exchange 
would take place without gain or loss of heat, i.e. adiabatically. 

We shall see that this hypothesis implies that the tempera- 
ture diminishes as the height increases. 

In this case the pressure equation is, as before, 


Op =e — GDR suaceunaeaaneiveccnee (1), 

where, on the adiabatic hypothesis, 
iP SE RDYS. tag nacevaaecds clement (2), 
and, from 7-21, Pat TA vascvacette steer eee (3), 


where 7’ denotes the absolute temperature at height z. 


From (1) and (2) kypY-2dp = —gdz, 


so that ale pY1=C—-gz, 
y-1 
ye 
or = 8 ge? 
vip : 


and, from (3), = R(T -—T,)= —gz, 


where 7 is the absolute temperature at the level from which 
z is measured. 
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4 y-l ge. 
Th eS ee a errr ; 
us T, Ore Ue (4) 


If H denotes the height of the homogeneous atmosphere, 
RpyT)=Po=9PoH, 
and —-=]1-“—.— (5). 


If, as in 7-71, we allow for the variation in gravity at 
different heights and write gr?/(r +z)” instead of g in (1), and 
then proceed as above, we find that 

r y—-l1 ie 
=l|- So sect eee e ee enees 6). 
T, y ‘Hete) ”) 


7°81. Example. Assuming the temperature of the air to dimimsh 
uniformly with the height, prove that the difference of level between two 
stations 18 = pee. log ( ho/hx) 

273 log(To/11)’ 

where H is the height of the homogeneous atmosphere at 0° C., I) and T, 
are the absolute temperatures at the stations and hy, h, the barometric 
heights reduced to 0° C. [Consider gravity as constant.| Prove also that, 
if as an approximation the temperature were taken constant and equal to 
4 (T+ 73), the calculated height would be too great by a fraction of ats true 


value equal roughly to 1 (Ze xe - 1] 
3X7 +7 : 

Let the absolute temperature T' at a height z above the lower station 

be given by ST UL eN Be ede Los one (1). 
The relation between pressure, density and temperature at this level 

i p=kp(1+ et) 

or, by 7°21, PHKepT |2T3 — .rreceeressssceereeecseners (2). 
The pressure equation dp= —gpdz 

therefore becomes “ i we =— Pe Ab pOgpBOOOST OOS (3); 

giving log =— iT (L—C2) ..cecececercccseseees (4), 


where p, is the pressure at the lower station. 
Hence, if p, is the pressure at the upper station and z, the difference 


of level of the stations, — J, = 114 (1— C21) ssseeeeeeeeseeseneeeeeeees (5) 
Den. 273g ~ ; 
and log = ee log (1 —cz,); 
ke lee (2a Ts 


or log 
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Also at temperature 0° C. 
9GppH=Ppo=kpy, sothat k=gH, 
and then from (5) and (6), by eliminating c 
mes Lo- Ly T'o— Ty log (ho/hy) 
‘1 cT'y 273 log (T.J7,) eee eee ereeeeee 
Again, if we assume the temperature to be constant and equal to 
4(1,)+ 7), instead of (2) we have 
p= dep (T+ T;)/273 


SSMS fy, GAY axoeccousacignevecpnssnssReseenpinas as (8); 
and the pressure equation is 
dp = —gpdz 
dp gdz 
or p ome k’ > 
so that lo eee, 
ED. k 
and if z,’ is the calculated height on this hypothesis, then 
= g 8 i 
ve lk = +T,, ho 
or =3% 073 lo of, Sou sist BOeeuneenine ae (9), 


where, as before, k=gH. 
Hence, by comparing (7) and (9), 


a(n%4 17+ Ty, To 
4  27,—T, 87, 


SMe APES eM Uf AIR meres he 

=9/—07 24 a 

But log T, teeeat +3 (ea) +..4, 
from which it follows that 


%'—%_1 Gea 2 
ray 8\2 + 7. 


—1. 


approximately. 


EXAMPLES 


1. A barometer tube rises to a height of 33 inches above the external 
mercury surface, and contains as much air as would, at atmospheric 
pressure, occupy 1 inch of the tube. The true barometric height is 
known to be 29-6 inches; find the length of tube actually occupied by 
the air. [C.] 


2. A mass of air occupies 100 cubic inches at 5° C. under a pressure 
of 56 inches of mercury. What will be its volume at 27° C. under a 
pressure of 35 inches of mercury? 
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3. A pressure gauge consists of a U-tube of uniform bore containing 
mercury, one arm of the tube being closed at the top and containing 
15 c.c. of air at atmospheric pressure, and the other arm being con- 
nected to the receiver of a condenser. Initially the pressure in the 
receiver is atmospheric, and by the working of the condenser the 
volume of air in the gauge is reduced to 3-5 c.c. and the mercury is 
raised 15 cm. Shew that the pressure in the receiver is then about 4:68 
atmospheres, assuming that the height of a mercury barometer is 
760 mm. and that the temperature in the gauge is unaltered. [M.T.] 


4. Prove that if volumes v, and v, of atmospheric air are forced into 
vessels of volumes V, and V, and a communication is opened between 
them, a mass of air of volume (V,v,~ V2%)/(Vi+ V2) at atmospheric 
pressure will pass from one vessel to the other. 


5. Find the atmospheric pressure in pounds per square inch taking 
the height of the barometer as 30 inches, specific gravity of mercury 13, 
and the weight of a cubic foot of water as 1000 oz. Also express it in 
absolute units when a yard, a stone and a minute are the fundamental 
units. [I.] 


6. A U-tube with equal arms of fine uniform bore is placed so that 
the arms are vertical and the end of one of the arms is closed. The tube 
is partially filled with mercury, so that there is a length h/2 of vacuum 
above the surface of the mercury in the closed arm, the barometric 
height being h. Prove that, if it is inclined at an angle of 60° to the 
vertical, the mercury reaches the top of the closed end; also that if 
the end that is open when the tube is vertical is closed before inclining 
it, the length of vacuum becomes 7h/40 roughly. [1.] 


7. The readings of a perfect and a faulty barometer are compared 
on two occasions and it is found that the differences are x, and x, inches, 
the heights in the perfect barometer being h, and h, respectively. The 
differences being assumed due to the presence of air in the second 
barometer, find the correction to a reading h on the latter. No correction 
for the limited capacity of the reservoir need be made. [M. T.] 


g. A thin closed cylindrical vessel, of height a, contains air at 
atmospheric pressure and floats in water with axis vertical and length 
b immersed., If a small hole is made in the bottom of the vessel, shew 

ab 


ee inside, h being the 


that water leaks in until there is a depth 


height of the water barometer. 


9. A uniform barometer tube A BCDE stands vertically in a vessel 
of mercury. At the top end, which is closed, there is a space AB filled 
with air, then a part BC filled with mercury, CD filled with air and then 
from D downwards there is mercury. If the weights of air in AB and 


RH 9 
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CD are equal and if the difference of their volumes is one half of BC, 
shew that the pressure of the air outside is equivalent to a column of 
mercury whose length is less than the part of the tube which is not 
immersed by half the length BC. [I.] 


10. A heavy piston can slide without friction in a closed vertical 
cylinder, and is in equilibrium when there are equal masses m of air 
in the cylinder above and below the piston and the volumes they occupy 
are in the ratio k: 1. Prove that, if the cylinder is inverted, the mass of 
air which must be forced into the cylinder below the piston to restore 
the latter to its former position in the cylinder is 2(k—1)m, the 
temperature remaining constant. 


11. A closed straight tube of fine uniform bore contains mercury in 
the middle and air at each end. When the tube is vertical the portions 
occupied by air are of lengths a and b respectively, which become a’, b’ 
when the tube is inverted. Prove that the lengths when the tube is 


horizontal are aa’(b+b’) bb’ (a+a’) 
ab +a’b’ >’ ab TN - [M. T.) 


12. A mass M of elastic fluid (~ =kp) surrounds a spherical nucleus 
of radius a. The fluid is subjected to an attractive force ./r towards the 
centre of the sphere. Prove that, if > 3k, the fluid may extend to an 
infinite distance; and that, if py is the density at the surface of the sphere, 


M = 4rkp.a?/(u — 3k). 


13. A thin uniform circular tube of radius a contains air and rotates 
with uniform angular velocity w about an axis in its plane, distant c 
from the centre; find the pressure at any point, neglecting the weight 
of the air. If c<a, and if p and -’ are the greatest and least pressures, 
prove that pw 

ees 2 
ee yr (a+c)?. 


14. One half of a circular tube, radius a, of fine uniform bore, is 
occupied by mercury, and the other half by air at atmospheric pressure. 
The tube is made to rotate about a vertical diameter with uniform 
angular velocity w. Shew that, if the air in the tube remains homo- 
geneous, and if a?w?>2g(a+h), h being the height of the mercury 
barometer, there will be a vacuum of length 2a¢ at the bottom of the 


tube, where = g2,,.2. eos 246 = 2gha/(r—2¢) + 2ga(sind+cos¢). [M. T.] 


15. A gas satisfying Boyle’s law p= xp is acted on by forces 
X=—-yl(e’+y*), Y=x/(e?+y?). 
Shew that the density varies as e%/*, where tan 0=y/z. [1.] 
16. A weightless piston fits into a cylinder of height a with a closed 


base and vertical generators: initially the cylinder is filled with air at 
atmospheric pressure and the piston is at the top of the cylinder. If 


EXAMPLES 131 


mercury is poured slowly on the top of the piston, shew that the 
greatest depth of the upper surface of the mercury below the top of the 
cylinder is (\/a—1/h)?, where h (<a) is the height of the mercury 
barometer. 


‘What would happen if h>a? [M. T.] 


17. A boxis filled with a heavy gas at a uniform temperature. Prove 
that, if a is the altitude of the highest point above the lowest, and 
p, p’ are the pressures at these points, the ratio of the pressure to the 


density at any point is equal to ag log F [M. T.] 


18. If in the atmosphere p/p is constant (=gk), calculate on this 
hypothesis the barometric height on a mountain 6000 feet high, taking 
30 inches as the barometric height at sea-level, and k to be 26,000 feet. 

[C.] 

19. The pressure and density of the air are connected by the 
formula p=kp. The barometer falls from 30 to 29 inches as a balloon 
rises 900 feet from the surface; prove that k/g is approximately 
26,500 feet. [M. T.] 


20. In an atmosphere at rest under gravity, the height H of the 
equivalent homogeneous atmosphere above any point at height h, 
measured in terms of air of the density at the height h, is given as a 
function of h. Shew that the pressure p at height h is given by 

hdh 
0 
> 


p/po=e 
where 7, is the pressure at h=0. 
Shew that in an isothermal atmosphere H is a constant independent 
of h, and deduce that an isothermal atmosphere extends to infinity. 
[M. T.] 
21. The normal height of the barometer at the Riffel Alp 7300 feet 
above sea-level is 530 mm., that at sea-level being 760 mm.; find the 
height of the equivalent homogeneous atmosphere. [C.] 


22. If the specific gravity of mercury is 13-59 and that of the air at 
a pressure of 760 mm. of mercury is 0:00129, find the height of the 
homogeneous atmosphere. 


23. The density of mercury is 13-6 and that of air at 760 mm. 
pressure is 0-001293. Find the reading of the barometer at the top of a 
building 30 metres high, when the reading at the bottom is 760 mm. 

[M. T.] 

24. If near the earth’s surface gravity be assumed to be constant, 
and the temperature in the atmosphere to be given by t=, (1 — z/nHf), 
where H is the height of the homogeneous atmosphere, shew that the 
pressure in the atmosphere will be given by the equation 

p=Pp)(1—z/nH)”. 

Deduce the law of pressure when ¢ is taken constant. [C.] 

9-2 


on 
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25. One litre of air at 0° C. and 760 mm. pressure weighs 1-293 
grammes. Compute by what fraction of a millimetre the height of a 
mercury barometer would fall when the instrument is raised through 
10 metres, the specific gravity of mercury being 13-6, the temperature 
of the atmosphere being 0° C. and the height of the barometer at the 
ground being 760 mm. 


Find also the height in an atmosphere everywhere at 0° C. at which 
the barometer would have fallen to half its height at sea-level. [M. T.] 


26. A cubic foot of air at 100 lb. per square inch pressure expands 
down to atmospheric pressure (14-7 lb. per square inch) following 
Boyle’s law. Shew that the work done is 27,600 ft. lb. approximately. 

[M. T.] 


27. Two similar barometer tubes A and B stand vertically side by 
side, rising to a height of 28 inches from large troughs of mercury and 
water respectively, whose free surfaces are at the same level. The tops 
of the tubes are connected by a small tube with a stop-cock, which is at 
first closed. A contains 20 inches of air above a column of mercury, 
B 10 inches of air above a column of water. Find the alteration in the 
heights of the columns when the stop-cock is opened; it may be assumed 
that at the time of the experiment a mercury barometer registers 
30 inches, and a water barometer 390 inches. 


Discuss also the case in which, before opening the stop-cock, B 
contained only water, and A 10 inches of air above a column of 
mercury. [C.] 


28. A gaseous atmosphere in equilibrium is such that 
p=kp’=RpT, 
where 7p, p, J’ are the pressure, density, and temperature, and k, y, R 


are constants. Prove that the temperature decreases upwards at a 
constant rate «, so that 


dP seco Gye 


dz. Een ee 
In a certain atmosphere of uniform composition T'= T,— Bz, where 
T, and f are constant and B<«. Find the pressure and density and 
shew that they both vanish at height 7')/B. [I.] 


29. The height of a balloon is calculated from the barometric pres- 
sure reading (p) on the assumption that the pressure of the air varies as 
the density. Shew that if the pressure actually varies as the nth power 
of the density, there will be an error 


n=1 
m taeat (2) ™ floes 
0. 


in the calculated height, where hy is the height of the homogeneous 
atmosphere. [I.] 
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30. Ifthe absolute temperature T at a height z is a given function 
J (z) of the height, shew that the ratio of the pressures at two heights 
Z, and z, is given by p g [2 dz 
log =—-—<S] =, 
hs Pr kJ. Ff (2) 
k being the constant in the equation p=kpT. 
As an aeroplane ascends the temperature and pressure are simul- 
taneously recorded and a curve is drawn plotting the absolute tem- 


perature against the logarithm of the pressure. Prove that the height 
ascended between two readings is 


-; | ey dx, 
where x=logp. ean [M. T.] 


31. Taking into account the variation of gravity with height and 
assuming that the temperature of the air is constant at all heights, 
prove that at a height x the pressure 7 of the air is given by 


Dee GJoe# 
8p) Bate)’ 

where a is the earth’s radius, k= p/p, and Po, po» Jo are the values of the 
pressure, density and gravity at the earth’s surface. A balloon carrying 
a self-registering barometer records pressures equivalent to h and 
h, inches of mercury when it ascends to heights equal to fractions « 

and «, of the earth’s radius respectively. Prove that 
aYo os Name = 
k (1+a)(1+o) — 


32. A hollow gas-tight sphere containing hydrogen requires a force 
mg to prevent it from rising when the lowest point touches the ground; 
the total mass of sphere and hydrogen is M. Shew that the sphere can 
float in equilibrium with its lowest point at a height h above the 


log ie +2 log oe [M. T.] 


ground, where Re k 1 Mim 
and k is the ratio of the pressure of the atmosphere to its density. 


[M. T.] 


33. On the assumption that the temperature of the atmosphere is 
constant and equal to 0° C., prove that if the barometer readings at two 
stations are h and h’ inches the height of the second station above the 
first is Bo 

2s logy e 
where o is the specific gravity of mereury at 0° C. and s that of air at 
0° C. when the mercury barometer stands at 30 inches. 


Prove that in order that the atmosphere might be of constant density 
it would be necessary that the temperature should decrease in arith- 
metical progression as the height increased in arithmetical progression, 
the rate being roughly 1° C. in 96 feet. [Assume that o= 13-6, s=0-0013 
and that 54, is the coefficient of expansion for air.] [I.] 


logy 4 feet, 
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34. The pressure at a height z in the atmosphere (assumed to be of 
constant temperature throughout) is given by p=Ppo e-9/k, where ppg is 
the pressure at the earth’s surface and k is a certain constant. A large 
spherical balloon of radius r and total weight W floats with its centre 
at a height h above the surface of the earth. Shew that his given by 


est — sate {, cosh 2 — 3 sinh a : [M. T.] 


35. Gas expands adiabatically from pressure py and volume v to 
volume v, (1+) and then contracts isothermally to volume . Shew 
that, if «3 may be neglected, the work done by the gas is $(y—1) apo%, 
where y is the ratio of the specific heats at constant pressure and 
volume. [External pressure on the containing vessel is ignored. ] 

[M. T.] 


36. A gas is compressed to 1/nth of its original volume, and in the 
process the relation of pressure to volume is expressed by the equation 
pv’ =const., where y has a constant value. It is then cooled at constant 
volume to its original temperature. Finally, it is expanded at this 
constant temperature to its original volume. Shew that the net energy 
expended on the gas in this cycle is k times the work done in com- 


pression, where (y—1)logn 
Na peer a a [M. T.] 

37. A balloon of given volume, and mean density o which differs 
very little from that of the air, is released from the ground where the 
atmospheric pressure is II; on the supposition that the mass of air 
displaced by it in any position is homogeneous and that the absolute 
temperature at height zis given by ¢(z+ 8) = Blo, shew that the balloon 
will rise to a height 

h Tih? cae 
inate cea aa (approximately), 
26 (Il — kt, ce) 

where h is the height attained at constant temperature; the formula 
connecting pressure, density and temperature is p=kpt and h/B is 
small. [I.] 


ANSWERS 


1. 7-4inches. 2. 1484 cubicinches. 5. 14:1; 418x104. 
Te 1 %q (hy —% — hy +%q)/{e, (hy — 2 —h) —Xq (hg —X%q—h)}. 


2 
13. logp=C+ yy , where r is distance from the axis. 


16. Ifh>a, the piston does not sink. 18. 23-82 inches. 

21. 6753 yards. 22. 8000 metres. 23. 757-1 mm. 

25. 0:95 mm.; 5540 metres roughly. 

27. Mercury drops to about 2 inches and water rises to 26 inches. In 
the second case water comes over into A and stands at 26 inches in 
both tubes. 


Chapter VIII 


HYDROSTATIC MACHINES 


8-1. In this chapter we propose to give an account of some 
of the simpler appliances which depend for their working on 
the laws of fluid pressure. | 


8-2. The siphon. This is an appliance for drawing liquid 
from a stationary vessel without making an aperture. It 
consists merely of a bent tube with arms of unequal length, 
which is initially filled with the liquid, by suction or otherwise, 
and then, without allowing the 
liquid to run out, placed, as in 
the figure, with the end A of its 
shorter arm below the surface of 
the liquid in the vessel. If the 
end D is below the level of the 
free surface of the liquid in the 
vessel and is then opened, the 
liquid flows out in a continuous 
stream. To prove that this 
should be so, let h, h’ denote |— 
the heights measured vertically 
of thetop C of the tube above the 
level B of liquid in the vessel 
and above D respectively. Then the pressure at Bis the atmo- 
spheric pressure II, therefore the pressure in the liquid at C is 
II —gph, and the pressure in the liquid at D is Il—gph+gph’, 
where p is the density of the liquid. But, by hypothesis, 
h' >h, so that the pressure in the tube at D exceeds the atmo- 
spheric pressure and the liquid flows out. 

It is clear that the siphon will not work if the height of C 
above B exceeds the barometric height for the liquid con- 
cerned. 
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8°21. Example. One end of a siphon is immersed in a liquid whose 
density at any point is proportional to the nth power of the depth below the 
surface, the highest point of the siphon being at the level of the free surface 
of the liquid, and the siphon is filled with homogeneous liquid whose density 
as equal to that at the immersed end. Prove that liquid will flow out at the 
free end of the siphon even if it be above the level of the immersed end 
provided (i) that the vertical distance of the free end above the immersed be 
less than 1/nth of the vertical distance of the former below the surface of the 
liquid ; and (ii) that the atmospheric pressure exceeds n/(n+1) of the 
pressure at the immersed end. [M. T.] 


Measure z downwards from the free surface, let h, h’ be the depths of 
the ends A, B of the siphon, inside and outside the liquid; and let the 
density be given by 


p=". 
The pressure equation is 


dp =gpdz=grz"dz, 


so that = ee 8 SA a ee (1), 


where II is the atmospheric pressure. 
gaAhntt 
n+1° 
But the liquid in the tube is homogeneous 
and of density Ah”, so that the pressure in 
the tube at C is less than the pressure at A 
by gAh"*1; i.e. pressure at C 


Hence the pressure at A=II+ 


Ai att 
TT GAR aco netasecctteaeacts (2). 


Also the pressure in the tube at B exceeds that at C by gh”h’. 
Hence the pressure at B 


ey i pees n+l y 
= nazis +gAh"h’. 
For the liquid to flow out this pressure at B must be greater than II, 


and this will be so if 
es ey’ 
n+l” 
; yaoi | 
or if h-h’<—h’. 
n 
But itis also necessary that the pressure at C shall be positive, i.e.that 
n 
ae ees +1 
MISS aa gah” 
ae 


or De i (pressure at A). 
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8-3. The diving bell. This is a cylindrical chamber large 
enough to hold several persons, closed at the top and open at 
the bottom. It can be lowered into water by a chain. As it 
descends the air in the bell becomes compressed but there are 
generally two tubes communicating with the surface through 
one of which air can be pumped into the bell while through 
the other air can escape. The bell is supported partly by the 
buoyancy of the water, the | 
amount of which depends on 
the volume of air in the bell, 
and partly by the tension of 
the chain. 

Let H be the height of the 
water barometer, x the depth 
of the base of the bell, a its 
height and y the height to 
which the water has risen in 
the bell. 

The pressure of the air in the bell is then H+x—y as com- 
pared with an initial pressure H, and the volume has been 
reduced in the ratio a to a—y, so that by Boyle’s law 


(a—y)(H+a—y)=aH, 
an equation which determines y when is known. 

If W denotes the weightin water of the substance of the bell, 
A its internal cross-section and p the density of water, the 
tension of the chain is 

W—gpA (a—y). 

If V be the volume of the bell and V’ the volume of air at 
atmospheric pressure H which must be pumped in to clear the 
bell of water, since in this process a total volume of air V + V’ at 
pressure H is compressed to a volume V at pressure H +x, we 


ch eal (V+V')H=V (H+2) 
or Y= Veil: 


From which it follows by differentiating with regard to time, 
that if the bell descends with uniform velocity v, then air must 
be pumped in at a rate Vv/H to keep the bell free from water. 


138 HYDROSTATIO MACHINES [8-31- 


8°31. Examples. (i) A cylindrical diving bell fully immersed is m 
equilibrium without a chain. Shew that if the exterior atmospheric 
pressure increases slightly, the ratio of the distance moved through by the 
bell, if free, to that moved through by the surface of the water in the bell when 
held fixed is Hh + x? : x* approximately ; where H is the height of the water 
barometer, h the height of the bell, and x the length of that part of it which 1s 


filled with air. [I.] 
If y denotes the depth of the base of the bell, then as in 8°3 we have an 
equation OLE $9) Ihe) RE scons aoc cate doon-acaeent (1). 


Firstly, when the bell is floating freely it must displace a constant 
volume of water, so that x, the length of the part filled with air, must be 
unaffected by the change of external pressure. Hence, in this case, in (1) 
we regard « as constant while H and y vary. Differentiating with regard 


to H, we get dy 
= ars i cwtenscenceeences 2). 
iii 1 gpa is oe (2) 
Secondly, when the bell is held fixed, y is constant and x will vary 
with H. On this hypothesis, from (1), 


d: 
n+(H+y—h+2x) 7 =h, 
or, again making use of (1), 


oe ee eee (3), 
dH Hh+<? 
and, by comparing (2) and (3), we see that 

dy _ Hh+x? 

Ces eee 
which establishes the required result. 


(ii) A cylindrical diving bell whose cross-section is of area A is sus- 
pended in water with its flat top at a constant depth d below the surface. 
A body of volume Aa and specific gravity o falls off a shelf and floats in 
the enclosed water. Prove that the depth of the surface of this water below 
the top of the bell, initially b, will diminish by x, where 

x’? —2(h+b—a+ac)+hac=0, 
the height of the water barometer being denoted by h—d—b. Will the bell 
contain more or less water than before? [C.] 


Let H=h—d-—b be the height of the water barometer. 

Initially the volume of air in the bell is A (6—a), at pressure H +d+6, 
i.e. at pressure h. 

When the body falls into the water and floats, its volume immersed 
is Aao, so that its volume unimmersed is Aa(1—o). Hence if the water- 
level in the bell rises a distance x the volume of air in the bell is now 

A(b—2x)—Aa(1l—o), 
and its pressure is H+d+b—a or h—«. 


so that 
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Hence by Boyle’s law i 
(b—2% —A+Aa) (h—&)=(D—A)M .reeersevreeereres (1) 
or w2— 4 (h4+b—A44c)+hag=O0 ..eerereseeererres (2). 
The original volume of air in the bell is A(b—a) and the final 
volume is A(b—x—a+ao). 


But (1) may be written (ao—%)h=(b-—x%—at ac) x; and xis positive, 
since equation (2) has positive roots, and the first factor on the right 
is positive since when multiplied by A it represents the volume of air 
in the second case. Therefore aa is greater 
than « and the volume of air in the bell 
is increased and the volume of water is 
decreased. 


A 


8-4, The common pump. The 
common pump consists of a vertical 
cylinder or barrel AB in which a 
tightly fitting piston P can be raised 
or lowered by a lever. The piston 
contains a valve opening upwards 
and there is a similar valve at the 
bottom of the barrel where it com- 
municates with a pipe BC which 
leads to the water to be raised. 

If the action begins with the piston 
in its lowest position, as the piston 
rises the air in PB tends to expand 
and its pressure falls below the pres- = — — -|--}- — - 
sure in BC, so that the valve at B 
opens, and as the piston continues to 


rise the pressure of the atmosphere oe 
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on the water surface at C forces water up the pipe CB. The 
piston then reaches its highest position and the valve at B 
closes. The piston then begins to descend. This compresses 
the air in PB till its pressure exceeds the external atmospheric 
pressure and opens the valve in the piston, and air escapes 
from PB as the piston continues to descend. The piston 
valve then closes and another upstroke follows, the water 
rising higher in the pipe BC. After a few strokes the water 
rises into the barrel and then during each downstroke water 
passes through the piston valve and during each upstroke 
some escapes through the spout S. 

Unless the height BC is less than the height of the water 
barometer the water will not ascend to B, and for effective 
working of the pump the height of the whole of the piston 
range should be less than that of the water barometer. 


8-41. The lifting pump. If it is required to lift the water 
above the pump, the top of the cylinder AB may be closed 
and instead of the spout S a pipe leading upwards may be 
connected with the cylinder with 
a valve opening upwards at the 
connection. When the water has 
risen above the piston each up- 
stroke will lift some of it through 
this valve into the pipe and the 
only limitation on the height to 
which the water can be lifted is cca Ne 
that it depends upon the strength [| — - —- 
of the instrument and the opera- Metin a) Cpa 
tor. 


8-42. The force pump. This dif- 
fers from the common pump in 
that it has a solid piston and a 
valve at the bottom of the barrel 
leading into a chamber D from 
which emerges a pipe HF, the ——|-->———— 
arrangement being such that after — — 
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every downstroke forces some water into the chamber D. 
When the water in D has risen to the lower end E of the pipe 
some air is imprisoned in the chamber, and this is compressed 
as the water rises further and by its pressure tends to main- 
tain a steady flow of water through the pipe HF. 

The pipe ZF might connect directly with the barrel through 
the valve at B, but in that case there would only be an inter- 
mittent flow of water during the downstrokes of the piston. 

A fire engine is formed of two force pumps communicating 
with the same air chamber, so arranged that the upstrokes of 
one synchronize with the downstrokes of the other. 


8-5. Hawksbee’s or the common air-pump. This pump, 
for exhausting the air from a vessel C,, consists of a vertical 
barrel AB in which there is a tightly fitting piston P which 
has a valve opening upwards. The vessel C called the receiver 
is connected with the barrel by a tube having a valve at B 


A 


B 


opening into the barrel. The figure shews the valves during a 
downstroke of the piston. The air in the barrel is compressed 
until the piston valve opens, and then escapes as the piston 
descends. During an upstroke the pressure of the air outside 
keeps the piston valve closed, and the pressure of the air in the 
receiver causes the valve at B to open so that the air in C ex- 
pands and fills the barrel, and in the next downstroke some of 
the air passes through the piston valve and is thus removed 
from the apparatus. 
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The pump ceases to work when the pressure differences on 
opposite sides of either valve are insufficient to open it. 

In general the piston does not descend to the bottom of the 
barrel to the exclusion of all air below itself so that an upstroke 
always begins with some air below the piston and this affects 
the working. 

The volume of the barrel below the piston in its lowest 
position is called a ‘clearance’. 

Let A denote the volume traversed by the piston, B the 
volume of the clearance, i.e. the volume of the barrel below the 
dotted line in the figure, and C' the volume of the receiver. 

Let the density of the air in the receiver initially be that of 
the atmosphere, say p, and after n complete strokes p,, . 

At the beginning of the first upstroke the total mass of air 
below the piston is (B+ C) p, and at the end of the stroke this 
has expanded to fill a volume A + B+ C and the density is p,, 
so that (A+ B+C)p,=(B+C)p. 

During the descent of the piston the density of the air in the 
barrel again becomes p, while that in the receiver is p,, so that 
the second upstroke begins with a mass Bp + Cp, of air below 
the piston, and the corresponding equation is 

(A+B+C)p2=Bp+Cp,; 
and in like manner for the nth upstroke 
(A+B+C) py =Bp+ Cpy:- 
We may write these equations 
pPi=mp + kp, 
p2=mp + kp,, 
Pn= mp + kpy_s, 
where m=B/(A+B+C) and k=C/(A+B+C). 
If we multiply these equations in succession by k”-1, 
kr-2 ... 1 and add, we find that 
Pn=m(l+kht+... +h") p+k"p 
— pn 
or pao [nO eit, 
where m and k have the values stated. 
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If the clearance B were negligible, the result would be 


C n 
P= (z) Bi 


It is evident that it is impossible to create a perfect vacuum 
with this instrument. 


8-51. Smeaton’s air-pump. This instrument only differs 
from the common air-pump in that the barrel is closed at the 
top save for a valve opening outwards. In an upstroke air 
escapes from the barrel, and in the ensuing downstroke the 
barrel being closed there is less resistance to the opening of the 
piston valve from air pressure above it than in the common 
air-pump. 

With the notation of 8-5 suppose that in this case there is an 
additional clearance of volume B’ at the top of the barrel. 

Let oc, denote the density in the barrel during the down- 
stroke which precedes the nth upstroke. Since the mass of air 
in the barrel is constant during the downstroke, therefore 


(A+ B+ B’)on_1=(A+B) pnt B’p; 


and since the mass of air below the piston is constant during 
the next upstroke 


(A +B+ C) Pn = Bens + Cpn-1: 


The elimination of o,_, between these 
equations will leave an equation linear in 
Pn> Pn—1 and p from which p, can be ex- 
pressed in terms of p as in 8-5. 


8-52. There are other more effective forms 
of air-pump, in which air is sucked into a 
jet of water; based on the hydrodynamical 
principle that in a steady stream the greater 
the velocity the smaller the pressure. 

Thus water flowing along a tube AB 
emerges at B from a contracting nozzle. 
This is surrounded by a jacket which com- 
municates at D with the vessel from which 
the air is to be exhausted. The contraction 
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of the jet at B increases the velocity of the water and dimin- 
ishes the pressure in the stream so that air is drawn into the jet 
and discharged with the water at C. 


8°53. Example. Ifa Hawksbee’s single-barrelled air-pump is perfect 
except that the piston valve will not open unless the pressure in the barrel 
exceeds the atmospheric pressure by p, prove that the extra work to be done 
in completely exhausting the receiver V on account of this defect is equal to 
that done in compressing a volume V of air at atmospheric pressure until 
its pressure is increased by p. [1.] 


Let B denote the volume of the barrel, II the atmospheric pressure 
and II,, the pressure in the receiver after n strokes of the piston. Then 


it is easy to shew that Vo\n 
iat = (r=) II ee rr ri ( 1 ) . 


During the next downstroke, at any instant before the piston valve 
opens let P denote the pressure and v the volume of air in the barrel 
below the piston, so that Pvu=II,, B. 


The piston valve opens as soon as P=II +p, and then v= = s ‘ 
The work necessary to produce this compression 
0,B I 
_ [me (P=T)de= i Pa Gree 11) oe 
B v 
= — BI, log po" + (72 -1) splageaaeete eee (2) 


The work done in the corresponding stroke if there were no defect, 
i.e. if p were zero, would be 


— BI, log "+ BI (- 1) Peete aes (3), 


so that the extra work in the nth stroke due to the defect is, by sub- 


traction, i 1 
log 2 Rar 
BML, flo (1+ ft) — 1p} 


Lae p\__P 
or, from (1), BI (yp) flog (1+8)-755}.- 


If we take the sum of like terms for the values 1, 2, 3 ... of n, for an 
infinite number of terms to represent complete exhaustion, we get 
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But to compress a volume V of air from pressure II to pressure II + p 
requires an amount of work 
elas 
= Be ?(P—TIl)dv, where Pv=IIV, 
aY 
= pe (“--11)a 
Vv v 
se PRN ne ee 
=v {oe (t+f)-nfeg} 


which is expression (4) and hence the required result. 


8-6. The condenser. This is the common bicycle pump, 
used for increasing the pressure of the air in a given vessel or 
receiver. The piston which moves in the 
barrel AB has a valve which opens to- A 
wards the receiver C and there is a similar 
valve separating the barrel and the GaN 
receiver. 

Let A denote the volume of the barrel 
traversed by the piston, B that of the 
clearance at the bottom of the barrel and B 
C the volume of the receiver. 

Then if p is the density of the air and 
p, the density in the receiver after n 
downstrokes, the original density being 
p, since the mass of air below the piston 
is constant during a downstroke, we 


have (B+ C)p,=(4+B)p+Cpna 


or say Pn= mp + kpy_s, 
where m=(A+B)/(B+C) and k=C/(B+C). 
Similarly Pn-1= Mp + kpn—2 
pi=™mp+ kp. 


Whence, by multiplying the equations in succession by - 
1, k, k2 ... k"-1 and adding, we get 
1—k” 
pa=p{m Toe +k} eee ereoeeeeeeee (1), 


where m and k have the values stated. 


RH 


ce) 
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8°61. Example. Shew that, if the piston valve of a condenser does not 
open until the pressure on the outside exceeds that on the inside by x times 
the atmospheric pressure, the number of strokes which can be made before 
the valve ceases to act is the greatest integer in 


1 +log{A/(A + B) «}/log (C+ B)/O}, 


where C is the volume of the receiver, A that of the portion of the cylinder 
traversed by the piston and B that of the portion not traversed by wt. [I.] 


Let II be the atmospheric pressure and II, the pressure in the receiver 
after n strokes and let the piston valve cease to act at this stage. At the . 
beginning of the upstroke there is a volume B of air in the clearance at 
pressure II,,, and this expands to fill the barrel, so that its volume 
becomes A+ B and its pressure BII,/(A +B). 

Since the piston valve does not open, this pressure plus «II exceeds 
the external pressure II, i.e. 3 

ioe ey 


But since the pressures are proportional to the densities, from 8°6 (1), 


1~(By0). 

A+B B+O CG \n 

i, = fats: yo +(ae0) | 
B+O 


ae ae o\" 
TB | BAB LO) ihe 


Hence, from (1), 


A+tB A/C ‘A Ave 
B leas, ae Han oe 

Cc ue ep ge 

(a0) ae 


so that 7 is the greatest integer in 
1 +log{4/(A + B) «}/log {(C + B)/C}. 


EXAMPLES 


1. The lengths of the arms ‘of a siphon measured vertically are 
h, k (hk>k). The siphon is filled with liquid of density o greater than the 
density p of the liquid in the vessel. Prove that the siphon will begin to 
work with the end of the longer arm immersed in the liquid in the 
vessel provided the depth of that end below the surface of the liquid 
in the vessel exceeds (h—k) a/p. 


2. The figure illustrates a siphon for drawing water from a cask. 
The lengths of pipe DB, BA are 40 and 160 inches respectively. The 
height of the section B above D is 36 inches. The end A is initially closed 
and the pipe from A to C filled with water, the air enclosed being at 
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atmospheric pressure. The end A is then opened and as the water level 
in CA decreases, the level in DB rises. If a balance is obtained just 
before the water has risen to B, what length of water will remain in the 
arm CA? 


Shew that the siphon cannot be started by the process described 
above if the initial length of water in the arm AC is less than 120 inches, 


[Assume the height of the water barometer to be 33 feet and neglect 
the inertia of the water. | [M. T.] 


3. Shew that in order to clear a diving bell of water a volume Ve/H 
of atmospheric air must be pumped in, V being the volume of the bell, 
c the depth of its lower edge, and H the height of the water barometer. 

[M. T.] 


4, A diving bell is in the form of a cylinder of length a surmounted 
by a cone of height h. If no air is pumped in when it is immersed, find 
how far it must be lowered for all the air to be forced into the conical 
part. Shew that the volume of air at atmospheric density which must 


now be pumped in that the bell may be filled is ee V, where H 


‘s the height of the water barometer, and V is the volume of the bell. 
(I.] 


5. Two cylindrical diving bells, open below and closed at their tops 
by flat ends, are immersed in water with their closed ends 2 feet above 
the free surface. The water inside the bells stands at levels 2 and 4 feet 
below the level outside. Given that, on the establishment of com- 
munication between the two bells by means of a small pipe, the water 
in both attains a common level 3 feet below the level outside, find the 
ratio of their, cross-sectional areas. The height of the water barometer 


is 33 feet, and the change in the outside water level may be neglected. 
[M. T.] 


6. A diving bell is in the form of a thick circular tube closed at one 
end. The inner surface of the roof is plane and is at right angles to the 
axis of the tube which is vertical. The mass of the bell is M and the 
volume of the metal is V. The cross-section of the inner cylindrical 

10-2 
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surface is A. The bell is completely immersed in a lake of water of 
density o. The height of the water barometer is h. In the initial position 
of the bell, the depths below the surface of the lake of the inner side 
of the roof and of the surface of the water in the bell are wv» and %+¥Yo 
respectively, where %=h, yy=}h, and the tension of the supporting 
chain is 7’,. In a second position the values are x, x+y and 7’, where 
x= 15h/4. Find y and 7 for the second position and shew that 


T —T,=goAh/4. 
The mass of the air in the bell is neglected. [M. T.] 


7. The weight in water of the material of a cylindrical diving bell is 
W, and the tension of the chain is P. A length a of the bell is occupied 
by air. Shew that, if a weight w of water is drawn up in a bucket into 
the air space, and the bell is raised through a distance wa/(W — P), the 
tension of the chain will be the same as before. [M. T.] 


8. A cylindrical buoy filled with air at atmospheric pressure has an 
external radius a and an internal height h. It is made of material of 
thickness b. It is floating in water with its axis vertical immersed to a 
depth h’+6, when a small leak develops in its lower end. On the 
assumption that the buoy continues to float, shew that it will sink a 
further distance x, where X =x/(a—6)? satisfies 


a*b (2a—b) X?—{(H +h’) a? + hb (2a—b)} X + hh’=0, 
and #7 is the height of the water barometer. 
Hence shew that, if b is negligible, the condition that the buoy 
continues to float is H>h?|(h—h’). [M. T.] 


9. Ifadiving bell descends from the surface with uniform velocity V, 
shew that the water will ascend a height 6 in the bell in time 


b H 

7 (14725) 
where / is the length of the bell and Z is the height of the water baro- 
meter. [I.] 


10. A vertical tube which can move freely in the direction of its 
length is closed at the top and allowed to sink into water. The tube is 
of thin material, is 40 cm. in length, 1-85 sq. cm. in section, and weighs 
50 grammes, and the water is so deep that the tube does not touch the 
bottom. Find approximately the lengths of the parts into which the 
tube is divided by the water levels inside and outside the tube, assuming 
that the height of the water barometer is 10 metres and that a cubic 
centimetre of water weighs 1 gram. [M. T.] 


11. A buoy is formed of a closed hollow circular cone of height a 
which is weighted so that it floats in stable equilibrium with its axis 
vertical and vertex downwards. The vertex is at a depth of h feet. 
Water is now admitted to the inside of the cone through a leak near 
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the vertex, so that no air escapes, and the cone: now floats in equili- 
brium with its vertex at a depth x, and with a depth y of water inside. 
If 6 be the height of the water barometer, shew that 


e—y=hF and (x%—y)(ai—y?)=by3. [M. T.] 
12. Two cylindrical gasholders, of weights W, and W, and of cross- 
sections A, and A,, float in water with their tops at the same height h 


above the water. The combined quantity of gas in them would occupy 
a volume V at the atmospheric pressure II. Prove that 


fs IL {V —(W,+ W,)/gp}— Wy?/9pA1 — We? /gpAe 2 


S (A, +A.) 1+W,+ Ws 
where p is the density of water, and the buoyancy of the water displaced 
by the sides of the gasholders is neglected. [M. T.] 


13. A cylindrical diving bell, whose inner and outer cross-sections 
are 2 and 2} square metres respectively, and whose inner and outer 
heights are 4 and 4,4, metres respectively, is forced down into water. 
If it weighs 6000 kilograms, find the depth at which no force is required 
to keep it in equilibrium. 

Find the force that would have to be applied to keep the bell in this 
position if 1-9 cubic metres of air at atmospheric pressure were 
pumped in. 

[1 cubic metre of water weighs 1000 kilograms. The height of the 
water barometer is 10 metres.] [M. T.] 


14. A cube of density py floats on a liquid of density p, and a cylin- 
-drical diving bell, of length J and cross-section A, is placed over it and 
lowered until the cube just touches the top. Shew that the height to 
which the liquid rises inside the bell is 


{A (p—o) — pa*} {l(p— 0) — a (p— po)}/{ (p — 2) (A —2*)}, 
where g is the density of the atmosphere, and a is the length of an edge 
of the cube. [M. T.] 


_ 15. A body floats on water, the volume of the part not immersed 
being cA. A cylindrical diving bell of height b and cross-section A is 
placed over it and then lowered till the top of the bell is at a distance a 
below the surface of the water. The volume of the floating body which 
is now not immersed is (c+ yc) A; shew that y is the positive root of the 


quadratic hy+e(h—a—c) y—c? (a+b) =0, 
where h is the height of the water barometer and o is the specific 
gravity of the air, o being small. {M. T.] 


16. A canister of weight W without a lid, made of uniform thin 
material in the form of a right circular cylinder of radius a and height h, 
is inverted and sunk in water, the whole of the air originally in it being 
imprisoned. Shew that when the canister is in equilibrium with the 


150 HYDROSTATIC MACHINES 


axis vertical the height of the air column is hH/(H + oh), and that the 
water level inside is at a depth oh below the level outside, where 
o= W/na*hw, w being the weight of unit volume of water and H the 
height of the water barometer. 
Shew that the canister is stable in this position only if the centre of 
gravity is below the centre of gravity of the displaced water, that is, if 
a _oh(1+oe)—H(1—o) T 
RH Heap ee | Be 


17. A glass cylinder contains water of depth h; another glass 
cylinder of depth k, whose cross-section is e times the cross-section of 
the first cylinder, is gently lowered, open end foremost, into the water, 
until it rests on the bottom of the first cylinder, its base not being 
immersed; and the height of the water in the second cylinder is observed 
to be y. Prove that the height of the water barometer at the time is 


(h—y) (k—y)/y(l—e), 
and that the work done upon the water is 
qwA (h—y)?/(1—e), 
where A is the area of the cross-section of the second cylinder and w 
the weight of unit volume of water. [M. T.] 


18. A fine tube closed at the upper end stands vertically with its 
open end in a vessel of mercury (specific gravity o). Initially the tube 
contains air at atmospheric pressure; it is then placed in a diving bell 
which is completely immersed in water. If x be the difference of the 
water levels inside and outside the bell and h the height of the mercury 
barometer, find the height y to which the mercury rises in the tube, 
supposing a length a of the tube to be outside the mercury; and shew 
that if the mercury in the barometer rises a small distance « the corre- 
sponding rise in the tube will be 


19. A pump consists of a pipe 2 inches in diameter dipping into a 
well 12 feet below, together with a barrel 6 inches in diameter. When 
the pipe is full of air at atmospheric pressure, a closely fitting piston 
is raised 16 inches (from the bottom of the barrel). How far will the 
water then rise in the pipe? 


[The height of the water barometer is about 33 feet.] [C.] 


20. Prove that if h, h’ be the heights at which the water stands in 
the lower cylinder of a common pump before and after a stroke, then 
(h’ —h) (h’+h—H—a)+nb(H —h’)=0, 
where a, b are the lengths of the lower and upper cylinders, n is the 


ratio of the sectional area of the latter to that of the former, and H is 
the height of the water barometer. [C.] 
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21. If in the common pump the heights of the barrel and the pipe 
leading to it are b, a respectively and 7 is the ratio of the sectional area 
of the former to that of the latter, and there is a length c at the bottom 
of the barrel which the piston does not traverse, shew that if the water 
just rises into the barrel after two strokes, then 


fA et a Oe a) nh 
h (G+ 5 1) (E+ 5 2) +h {a(s+ 5 4)—n(b—c) 
+a(2a+nb)=0, 
where h is the height of the water barometer. [L.] 
22. The barrel of an air-pump is of volume B, but of this a volume 


b is not traversed by the piston; shew that the density in the receiver 
never becomes as small as b/B of the atmospheric density. {I.] 


23. Air is pumped from a vessel of volume A and forced into a vessel 
of volume C by means of a Smeaton pump of volume B. Shew that if 
the whole of the air have originally a density p, and if the piston be 
originally at the end of the cylinder nearest to the vessel A, then after 
the piston has made 2n — 1 strokes, reaching the end C for the nth time, 
the density of the air in the two vessels will be 

er ee ee I 
(ain) om [448+ 0-armelG 

24. What must be the pressure of the air in a bicycle tyre, if when 
the weight borne on it is 150 lb. the area in contact with the ground is 
5 square inches? 

How many strokes of a bicycle pump must be made to inflate the 
tyre to this pressure, supposing the air to be initially at a pressure of 
14-5 Ib. to the square inch, the following dimensions being given: 
interior diameter of tube 1 inch, diameter of wheel 28 inches, length of 
stroke of pump 12 inches, internal diameter of pump $ inch; neglect 
the interior volume of the connection tube. [C.] 


25. If the volume of the receiver of a condenser is A and that of the 
barrel B, and at the end of each stroke there is a volume C between the 
piston and the valve, prove that, if p be the density of the atmosphere 
and also the initial density in the receiver, the density after n strokes is 


nee) 


26. Air is pumped into a vessel of volume V by means of a com- 
pressing pump in which the volume of the barrel varies between 2, 
and v,. The pressure of the air in the vessel at the outset is the atmo- 
spheric pressure II. Assuming the processes to be isothermal, shew that 
if p, is the pressure in the vessel after the rth stroke 

(V +01) Pry = Vp + V2 Ue 

Shew that the pressure of the air in the vessel cannot be raised beyond 

the value P where P= 2,II/v,, and that 


p.=P-(77) (P-0). [M. T.1 
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27. A condenser, whose clearance may be neglected, and its receiver 
are contained in an air-tightroom. The air in the room and in thereceiver 
is initially of density p; prove that after 7 strokes the density of the air 
in the receiver becomes 


V+u V+tu/V \* 
ea Oo. ® (rn) | 


where u is the volume of the barrel of the condenser, v that of the 
receiver and V+wu-+v that of the room. [M. T.] 


28. If air be taken from a vessel of volume A and condensed in a 
vessel of volume A’ by a piston working in a cylinder of volume B of 
which the clearances C and O’ at the ends are not traversed by the 
piston, shew that, neglecting the effect of the weights of the several 
valves, the limiting ratio of the pressure in A to that in A’ is 


CC’ 
(B-—C)(B-C’) 
and find the limiting pressures in terms of the original atmospheric 
pressure throughout the whole system. [I.] 


29. In a condenser the sectional area of the piston is A sq. inches, 
the length of the barrel is a inches, and the volume of the receiver is bA 
cubic inches. If the piston moves uniformly, traversing the barrel in 
one second, prove that the rate of working after 2n + ¢ seconds (0<t< 1) 
Alla?/ n+ Alla ¢ 

12 (sta) 12 “1-¢ 
ft. Ib. per second, according as the receiver valve is or is not open; 
where II is the atmospheric pressure in pounds-weight per square inch, 


from the beginning of the first stroke is 


and the first stroke begins with the piston fully drawn out. [1.] 
ANSWERS 
2. 72 inches. 4. Depth of bottom of bell=a(1+3H/h). 
5. 21:20. 6. y=th; T=9(M—oV —j4cAh). 


10. 1, 27 and 12 cm. approx. 

18. The bottom of the bell is at a depth of 7-5 metres; 1000 kilograms. 
18. yis given by cy?—y(ch+x%+ca)+ar=0. 

19. 8-1 ft. 24, 30 1b. per square inch; 61. 

0 Ns sae T(A+A’+B) 

CO’ (B-C)(B—C’)” ACOC’+A’(B-—C)(B-(C’)+ BO’(B—C’) 
give the ratios of the limiting pressures p, p’ to the original 
pressure II. 


Chapter IX 


CAPILLARITY 


9:1. There are many familiar phenomena which appear to 
contradict the theorem of 2-2 that the pressure in a heavy 
liquid at rest is the same at all points of a horizontal plane, with 
its corollary that the free surface of such a liquid is a horizontal 
plane. Among such are (i) the existence of separate drops of 
liquid, such as drops of water or mercury resting on a table; 
(ii) the curved surface of water at rest in a tank particularly 
near the walls of the tank; (iii) the rise of water in a fine tube 
inserted vertically in a vessel of water, the water in the tube 
standing at a higher level than the water in the vessel and 
having a surface concave upwards; (iv) the depression of 
mercury in a fine tube inserted vertically in a vessel of mercury, 
the mercury in the tube standing at a lower level than the 
mercury in the vessel and having a surface convex upwards. 
The narrower the tubes in (iii) and (iv) the greater is the 
elevation or depression. Tubes whose bore is of the diameter 
of a hair, or say 1mm., are called capillary tubes and in them 
the phenomenon is most marked. 

The explanation of these and other kindred phenomena is to 
be found in the existence of forces of cohesion between the 
molecules of fluids, the range through which a molecule exerts 
such a force being exceedingly small—probably of the order 
- of a millionth of a centimetre. It follows that throughout the 
interior of a mass of homogeneous fluid all molecules are 
similarly situated as regards the cohesive forces exerted on 
them by surrounding molecules; but at a boundary surface 
between two fluids there is in each fluid a very thin layer in 
which the conditions are not the same as in the interiors, 
because molecules in either of these layers fall within the range 
of action of the cohesive forces exerted by molecules in the 
other layer. In consequence there is associated with every such 
surface of separation of two fluids or of a fluid and a solid a 
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definite amount of energy; and because the range of the 
molecular action is so small this energy is independent of the 
curvature of the surface and depends only on the area and on 
the nature of the two fluids or the fluid and solid in contact. 

9:11. Surface tension. The phenomena are equally well 
accounted for by the hypothesis of the existence of surface 
tension. We assume that in the surface of separation of two 
fluids or of a fluid and a solid there is a uniform tension; i.e. 
that the stress across any short line 4s in the surface is a 
tension 7'$s at right angles to the line, where 7’ is a constant 
depending only on the fluids or fluid and solid in contact. 

It is easy to see that if such a tension exists it must be 
uniform. For if A BC be any triangular element of area on the 
surface and we assume that it is 
kept at rest by forces T,, 7,, 7’ 
acting at right angles to the 
sides through their middle point, 
we have by Lami’s theorem 

T,:T,:7,=sin A :sin B:sin C 
=a(F 30°C" 
so that the stresses are all the 
Same constant multiple of the 
lengths of the lines across which they act. 

It can be shewn* by the principle of minimum potential 
energy that the hypothesis of surface energy proportional to 
area is equivalent to the hypothesis of a uniform surface 
tension. 

9-2. Angle of contact. Let the surface of 
separation of two fluids A and B (e.g. air and 
water) meet the surface of a solid C at an angle 
a. There are in all three surfaces of separation, 
viz. between A and B, B and C, C and A. 
In each of these surfaces there is a tension 
T'4z, Tzc¢, Te4 depending on the substances 
separated; and they must be such that 


Loa— Teo=T 476086, 


* Besant and Ramsey, Treatise on H: ydromechanics, Part I, Hydro- 
statics, §§ 101-103. 
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so that the angle of contact « is constant for the same set 
of substances. 

The angle between water and glass in air is an acute angle, 
but the angle between mercury and glass in air is an obtuse 
angle. 


9-21. When a drop of oil is placed upon water it rapidly 
spreads over the surface in a thin film. This is because the 
surface tension between water and air exceeds the sum of the 
tensions between oil and air and between oil and water. 


Air 
Water 


9-3. Rise of liquid between vertical parallel plates. Let 
T be the surface tension and « the angle of contact, d the 
distance between the plates and / the mean rise. Since the 
atmospheric pressure is the same at the surface of the liquid 
between the plates as at the external surface of the liquid, it 
follows that the weight of the elevated liquid is supported by 
the vertical component of the tensions on the upper boundary. 


Hence 2T cos a=gphd, 
where p is the density of the liquid. 


9-31. Rise of liquid in a vertical circular tube. If the 
figure of 9-3 represents an axial section of the tube and r 
denotes the radius of the tube, then by similar reasoning 


InrT cos «= gprr?h 
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or 27 cos a=gprh. 

It must be observed that these results only refer to a ‘mean 
rise’ h, and do not touch the question of the form of the curved 
surface, which we will consider later. 


9-4, Relation between surface tension and pressure. 
There is a relation between the tension in the surface of 
separation between two fluids, the difference of the pressures 
on opposite sides of the surface and the curvature of the 


surface. 
We shall outline an elementary proof of this relation. A 


complete proof requires some knowledge of analysis and the 
geometry of surfaces.* 

We shall assume that through any point on a surface, there 
are two ‘lines of curvature’ cutting one another at right 


* See Besant and Ramsey, Treatise on Hydromechanics, Part I, 
Hydrostatics, §101. 
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angles, a line of curvature being a line such that at any two 
points on it sufficiently close together the normals to the 
surface intersect. 

Let P’OP, Q’OQ be small elements of the lines of curvature 
through any point O on the surface of separation of two fluids 
in which there is a surface tension 7’. 

Take P’O=OP and Q’0=04Q, and let the normals to the 
surface at P, P’, Q, Q’ intersect the normal at OinH, H’,K, K’. 

Let planes through the normals PH, QK, P'H', Q'K’ at 
right angles respectively to OP, OQ, OP’, OQ’ cut the surface 
in the sides 4B, BC, CD, DA of a curvilinear quadrilateral. 
Let p denote the mean value over this quadrilateral of the 
excess of the pressure on its concave side over the pressure on 
its convex side. This pressure difference gives rise to a force 
p.AB.BC directed along the normal HO, approximately. 
This force must be balanced by the surface tensions across the 
sides AB, BC, CD, DA of the elementary area. 

But the stress across AB is 7’. AB at right angles to AB 
through its middle point and in the tangent plane to the 
surface, i.e. approximately along the tangent at P to the 
curve OP. And the component of this force in the direction of 
the normal OH is T.AB.OP/OH. Hence we get an equation 


OP 6X4) OP’ 
Ae tie’ One On 
OQ’ 

+T.DA.5 pg =P-AB. BC. 


Now let P, P’, Q, Q’ move up to O, then H, H’ move up to 
coincidence with the centre of curvature of the normal section 
through P’P, so that OH, OH’ become the radius of curvature 
r, of this section, and similarly OK, OK’ become the radius of 
curvature r, of the perpendicular normal section. These are 
called the principal radii of curvature of the surface at O. 
Also p becomes the difference of the pressure on opposite sides 
of the surface at O, and as the curvilinear quadrilateral 
shrinks its opposite sides tend to equality, so that, dividing 
by AB. BC, we get aa 

lara 


—_+— 
Tas 
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9°41. Onasphere of radius r all normal sections are lines of curvature 
and all principal radii of curvature are of the same length 7, so that the 
formula of 9°4 becomes oT 


7 =P 


where p denotes the excess of the internal pressure over the external 
pressure. ! 

On a surface of revolution obtained by revolving a curve AB about an 
axis Ox in the same plane, it is evident that the normals to the surface 
at all points of a meridian curve AB intersect, so that the meridian 


curves are lines of curvature, and the other set of lines of curvature are 
the circles in planes at right angles to the axis. Also if the normal to the 
surface at a point P meets the axis in G, then one principal radius of 
curvature at P is the radius of curvature of the meridian curve APB, 
and the other is the normal PG, because as the figure rotates round Oz, 
G will be the intersection of normals at neighbouring points on a 
circular section, so in this case the formula of 9-4 becomes 


1 1 
(Rt pa)=? 
where FR is the radius of curvature of the meridian curve. 


9-5. The capillary curve. Let liquid rise to meet a vertical 
wall AB at an angle «. Let the figure represent a vertical 
section at right angles to the wall, and let P be a point on 
the curved surface. Take an axis Ox at right angles to the 
wall in the natural level of the liquid surface, i.e. the level at 
which the pressure in this liquid is equal to the atmospheric 
pressure IT. 

Let & be the radius of curvature at the point P (a, y) on the 
capillary curve, this is one principal radius of curvature of the 
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surface of the liquid, and the surface being cylindrical (with 
horizontal generators) the other radius of curvature is infinite. 
Hence from 9:-4(1) 7 


where 7'is the surface tension, p the pressure at P in the liquid, 
and p the density of the liquid. If we put 47’ =gpc?, we get 
B27) =e as OCR ECOLT PREC (2). 


Let denote the angle between the tangent at P and Oz, 
as in the figure, and let the arc s be measured from the wall. 
Then R= —ds/d:s, and ds/dy = —cosec , so that 

y dy =e? sin pda ......0eceeeeeeeeeeee (3), 
and, since y and % vanish together, 
y? = kc? (1—cos) =c? sin? df, 
or Y= ACEIN GY .eseeeeeeeseeeeeeeere (4), 
where, in the case under consideration the upper sign must be 
taken. 


Again, since dy/dx = —tan¢, 
therefore dx = —4ccostcotpdd 
= —}c(cosec $y — 2sin 5x) dy, 
and 2 = kclog cot tf —CCOS gp «...eseeeereees (5), 


provided the origin be so chosen that x= 0 when f=7. 
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Equations (4) and (5) represent the capillary curve para- 
metrically. It has a loop as in the figure and is asymptotic to 
the axis of x. 

The height above the natural level at which the liquid meets 
the wall is given by putting 4=47—« in (4), ie. 

Y=CSIN (47 —4e) 2 .0s0sescdacadecsaces (6). 

In the case of a liquid such as mercury for which the angle 
of contact is obtuse, it is convenient to measure y downwards 
and the figure is inverted. 


9-51. We have associated the investigation of the capillary 
curve with the rise of liquid against a vertical wall, but 
equations (4) and (5) of 9-5 are the result of integrating a 
differential equation (2) which holds good in many cases, and 
it is only necessary to adjust the constants of integration to 
suit the conditions of a particular problem. Equation (2) is also 
the equation of equilibrium of a flexible rod bent by terminal 
forces. 

9°52. Example. A plane plate is partly immersed in a liquid of 
density p and surface tension T'. The angle of capillarity for the liquid and 


the plate is « and the plate is inclined at an angle B to the horizontal. 
Prove that the difference of the heights of the liquid on the two sides of the 


plate is 4(2) n—2e_. 17-28 
cos sin. . 


4 4 


The ordinate of a point on the capillary curve is given by 
y=csingy (95 (4)), 
where 7 is the acute angle which the tangent to the curve makes with 
the horizontal. 
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Hence the required difference 
csin $(7—a— p)—csin$(B—«) 
m— 20. 7-28 


=4 ("2008 cin 228 
P. 


9°53. Surface tension explains the presence of a drop of liquid 
hanging from a body lifted out of a vessel of water. Thus if the body is 
a long cylinder, considering it in section, capillary curves rise to the 
cylinder always meeting its surface at the angle of capillarity, say at 
A and B. As the cylinder is lifted higher the curves approach one 
another until the points C, D, where their tangents are vertical, 


coincide; then the water breaks away and the portion above CD is left 
suspended as a drop. 


9°54. Drop of liquid on a horizontal plane. The only case 
capable of simple treatment is that in which the ‘drop’ is so large that 
the only curvature to be considered is that of vertical sections. 

Then we have the relation of 9°4, 


where B is the radius of curvature of the meridian section and p is the 
excess of the internal over the external pressure. If we take the axis Ox 
along the flat top of the ‘drop’ and measure y downwards, the value 
of p at the point (x, y) on the surface is gpy, so that, putting 47’ =gpc’, 
(1) may be written 

Ry=te?. 


RH II 
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Then if, as in 9°5, we take y as in the figure, we get the same equations 
for the capillary curve, namely 
y=csin $f, 
and x= clog cot }4—ccos$p+C. 
If the origin be taken so that the axis of y touches the meridian 
curve, then z= 0 when = $7, so that 


x= $c log (cot $4 tan $7) —c (cos ab — 7) ; 


If « be the angle of contact of the liquid with the plane measured in 
the liquid, the height of the drop is csin $a. 


# O 


9-6. Principle of Archimedes. Effect of capillarity. 
When the effect of capillarity is to depress the surface of a 
liquid below its normal level in the neighbourhood of a floating 
body, the upward force of buoyancy on the body is increased 
by an amount equal to the weight of liquid that would fill up 
the depression. In the same way if the liquid is elevated in the 
neighbourhood of the body the buoyancy is decreased by an 
amount equal to the weight of the elevation. 

The volumes of these depressions and elevations in two- 
dimensional problems can be calculated by making use of the 
equations of the curve of capillarity, or instead we may make 
use of an artifice due to the late Dr Besant. 

Consider the case of a steel needle floating upon water. 
Though steel is heavier than water the additional buoyancy 
due to capillarity will enable a needle to float if it is gently laid 
on the surface and not submerged. 

Neglecting the end effects we may regard the problem as 
two-dimensional. The figure represents a section of the needle 
in contact with the water along the arc PAQ which subtends 
an angle 20 at the centre O. EH, F are the projections of P, Q on 
the natural level BC of the water. 

The weight of unit length of the needle is supported by the 
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pressure on PAQ together with the surface tensions in the 
liquid at P and Q; and the pressure on PAQ is measured by 
the weight of water that would fill HPAQF. 

Hence if « be the angle of capillarity (obtuse in this case), a 
the radius of the needle and 28 the angle subtended at O by 


the chord of intersection by the natural level of the water, 

p the density of water and o that of the needle, we have an 

equation 

gona? = gpa? (0 + sin 6 cos @— 2sin @cos 8)—27'sin(@+«) (1). 
Further, considering the horizontal forces on a portion of 

water PDC, where DC is vertical; the horizontal tension at C 


balances the water thrust on CD and the horizontal component 
of tension at P, so that 


T {1 + cos (0 + «)} = 49pa? (cos 6 — cos B)?, 
or 4T cos? 4 (0+ «) =gpa? (cos 0 —cos B)?.....+++- (2). 
The elimination of 7’ between (1) and (2) gives 
(om — p80) cos 4 (9 + «) 
= (cos 8 — 2 cos ) sin 4 (9 — x) — cos? Bsin $ (9+ «) -..(3) 
as the condition of equilibrium. 

9-7, Liquid films. Soap bubbles. Surface tension plays a 
leading part in the production of such liquid films as soap 
bubbles. When a loop of wire is drawn out of a soap solution 
a thin film of liquid is stretched across the loop. Tf the loop is 
in one plane the film is apparently plane, shewing that the 
action of gravity in such a film is negligible in comparison with 


surface tension. Both sides of the film are subject to surface 
II-2 
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tension but we shall use 7’ to denote the sum of the tensions 
on the two sides of the film. On this understanding the relation 
between the tension of a film and the difference of the pressures 
on opposite sides of it is 


Ie 
T (7 +=) Cy Are EASA (1); 
as in 9-4. My 2 


9-71. Minimal surfaces. When the pressure is the same 
on both sides of a liquid film, it follows from 9-7 (1) that its 
principal curvatures at every point must satisfy the relation 


i ae 
Ss cea Ge eee ee (1), 
Pts 


i.e. the principal curvatures are equal but in opposite senses. 
It can be shewn that this is the condition that the area of a 
surface having a given boundary may be stationary for small 
displacements. Taking the energy of a film as proportional to 
its area (9-1), this accords with the general proposition that a 
position of equilibrium is one in which the potential energy is 
stationary for small displacements. Surfaces which possess 
the property embodied in (1) are called minimal surfaces. 
The simplest is a plane. 


9-72. Surface of revolution. The catenoid. Let the form 
of a film be a surface of revolution about the axis of x, and let 
the tangent to the meridian curve at any point (2, y) make an 
angle % with the axis (Fig. 9-41). Since the pressure on opposite 
sides of the film is supposed to be the same, the only forces acting 
on any portion are the surface tensions round its boundary. 
Hence, by resolving parallel to Ox for the forces acting on a 
zone of the film between two circular sections, we get 

2ry . T cosy = const. 
or Of C BOCUs, cons anoesenen caueascudrsn (LE): 
But dy/ds =sin x, so that 
sin /=csec ¢ tan ddy/ds, 
or SS OPA rise eacseee css cates (2), 
provided we measure s and ¢% so that they vanish together. 
Hence the meridian curve is a catenary and the surface, called 
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a catenoid, is obtained by revolving a catenary about its 
directrix. 

By reference to 9-41 we see that the general equation in 
this case requires that the radius of curvature & should 
= — PG; and this is easily 
verified for a catenary, or 
conversely it can be shewn 
that the catenary is the only 
curve which possesses this 
property. 

The meridian sections of 
the catenoid are convex to 
the axis of rotation and the 
circular sections are con- 
cave, making the curvatures 
of opposite sign. 

The film joining two 
circular rings in parallel 
planes on the same axis would be in the form of a catenoid. 


9-73. When there is a constant difference of pressure on 
opposite sides of a film in the form of a surface of revolution, 
the condition to be satisfied is, from 9-41, 


at ba" COMMU Mic sacetewesonsas Aas (1), 
where Ris the radius of curvature of the meridian curve at the 
point P, and PG is the intercept made on the normal at P by 
the axis of revolution. 

Tt can be shewn that the meridian curve is the locus of the 
focus of a conic which rolls on a straight line. 

Let S be the focus of the conic and G its point of contact 
with the given line, then SG is normal to the locus of S. Let 
SG@=r, and let SY =p be perpendicular to the given line, and 
the angle YSG=4. 

The (p, r) equation of a conic with the focus as origin is of 


the form 14-9 1 
<5 —— = F— OF ZETO «oeereeevenseveeee (2), 
er a 
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according as the conic is an ellipse, hyperbola or parabola; 
where J is the semi-latus rectum and 2a the major axis. 


A 


Y G 
Henceif Ris the radius of curvature of the locus of S, we have 


Loman 2 ny (#)- 1 pdr 


R ds r dp 

ee 1 2° pdr 

Hence R' SQ 7 dp oc ccccccccccccccccece (3). 
lL ildr 

1 a a | 

therefore Rt SG 7 pt 
d, from (2) LerkARe eo zer (4) 
and, from (2), R Ba 2 CLO sassccunenoee nner : 


according as the rolling curve is an ellipse, hyperbola or 
parabola. 

The locus of the focus of a rolling parabola is a catenary, 
and a rolling ellipse and a rolling hyperbola give curves of the 
former shewn below. The corresponding surfaces of revolution 
are called the Catenoid, the Unduloid and the Nodoid. 


pag SSS 
On Oe Oe on 
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9-8. Energy of a plane film. If a plane film is drawn out 
from a vessel of liquid work is expended, and provided we 
regard the process as taking place at constant temperature 
this work represents the potential energy of the film. 

Consider for example a rectangular film A BOD bounded by 
straight wires AD, BC; AB being in the surface of the liquid 
and CD a movable wire. 

The work done in pulling out the film is 7’. AB.AD, where 
T is the total surface tension of both sides of the film; so that 
if S denotes the energy per unit area 


Sad’, 


9°9. Example. A mass of liquid of uniform density p confined 
between two parallel planes is subject to no external forces but a constant 
external pressure, and the whole rotates as if solid with uniform angular 
velocity w about an axis of symmetry perpendicular to the planes. Prove 
that, at a point on the curved surface of the liquid at a distance y from the 
axis, yta y—a 

fy Ry 

where a is the radius of the circle in which the liquid meets either plane, 
R,, R, are the principal radii of curvature, is the (obtuse) angle of 


= 2asin «—c¢(y?—a?*)?*, 


contact and c= pw?/4T. [M. T.] 
The equation for the pressure is 
dp = pw*y dy, 
giving on integration PHC bpwry? cccrcrececscrecserersereees (1). 
But on the boundary of the liquid 
1 1 
ATT (pet a) erect 2), 
Pp NE ae R, ( ) 
where II is the constant external pressure. 
b BA ie  gee s 
Hence pene” Se EEE (3). 


The boundary is clearly a surface of revolution and, referring to the 
figure of 9°41, we may take R, as the radius of curvature of the meridian 
curve and R, as the normal PG or ycosec , where 7 is the angle the 
normal makes with the axis. 

Then measuring the arc s from A we have 


| ed soe dys 
fa v7 : 
so that (3) becomes 00s pb + = CO’ + 2cy?, 


or y COS pGy +sin y= C’y + Rey" 
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and, on integration, ysin = C”’+40’y? + 3cy*. 
But on the plane boundary we have y=a and 4=7—«4, so that 
asina=C”’ +40'a? + kcat, 
and by subtraction 
y sin s=asin a+ 40’ (y®—a?) + $c (y*— a4). 
Putting y/R, for siny and substituting for C’ from (3) gives the 
required result. 


EXAMPLES 


1. Prove that, if a slightly conical tube of semivertical angle f is 
inserted in water with its axis vertical, the mean height h to which the 
water rises in the tube is given by 


gp (ah —h?) =2T cos («— B) cot B, 
where a is the height of the vertex of the cone above the undisturbed 
surface of the water, p the density and T' the surface tension. 


2. Prove that if n equal spheres of water coalesce into a single 
sphere the amount of surface energy liberated is proportional to n—n3. 


8. Prove that if a number of bubbles of the same surface tension 
coalesce into a single bubble the increase in volume bears a constant 
ratio to the decrease of surface. 


4. Prove that, if water be introduced between two parallel plates of 
glass, at a distance d apart which is small compared with the linear 
dimensions of the film, the plates are pulled together with a force 
2BT cos « 

d > 
where A is the perimeter of the film and B its area. 


AT sina+ 


5. Liquid of density p and surface tension 7 rises between two 
parallel vertical plates. Prove that if « is the angle of contact and h the 
height of the lowest point of the free surface between the plates, the 
height at the plates is 

{h? + 27 (1—sin a)/gp}4. 


6. Liquid of density p and surface tension J is in contact with a 
vertical plane boundary. Prove that the volume of liquid above the 
general level is (7' cos «)/gp, where « is the angle of contact. [M. T.] 


7. Obtain the result 9°6 (3) by using the equations of the capillary 
curve. 


8. If the height of the mercury barometer is 76 em. (specific gravity 
of mercury 13-6) and the tension of a soap film is 74 dynes per cm., 
find the percentage increase in pressure inside a bubble of radius 5 cm. 
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9. Two equal spherical bubbles, each of radius a, coalesce into one. 
Obtain an equation for the radius of the new bubble, in terms of the 
surface tension and the external pressure; and prove that, if the 
experiment were performed with bubbles of the same radius a but with 
greater external pressure, the new radius would be smaller. {1.] 


10. A liquid is revolving about an axis under no forces except the 
capillary forces at the boundary, which is a surface of revolution. If 
the pressure at the axis is equal to that of the surrounding atmosphere, 
shew that the meridian curve is given by y®=c'sin %, where y is the 
distance from the axis, % the inclination of the normal to the axis, and 
c is a constant. 


11. A liquid film of total surface tension J is in the form of a 
cylinder joining two equal parallel circular discs of radius 2a, with their 
centres at a distance 2a apart on a line perpendicular to their planes. 
A pinhole is made in one of the discs so that air slowly escapes. Shew 
that a total quantity 


app [8a {1 + T (2aT1)}—c? {1 + 2sinh (a/c)}] 
will escape, where p, and II are the atmospheric density and pressure, 
and c is given by cosh (a/c) = 2a/c. [M. T.] 


12. A tube is drawn out into a point, in such a way that the internal 
cross-section at a distance y from the point is a circle of radius y?/a. 
The tube is held in a vertical position with the point downwards, and 
a volume V of liquid of density p is poured in. Assuming that both 
bounding surfaces of the liquid are spheres of radii small compared 
with their distances from the point, and that the air pressure on both 
surfaces is the same, shew that the distances y,, Y2 of the two bounding 
surfaces from the point are given by the equations 


57, 5 
V=40 ce —*, 2aT cos aed =p9, 


where 7—« is the angle of contact. [M. T.] 


ANSWERS 


8. 0:0029. 
9. 27 (r?— 2a?) = II (2a% —7°), where II is the external pressure. 
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